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ABSTRACT
An analysis of the spatial distributions of the minority and
majority carrier densities and of the lasing radiation mode in the
vicinity of the p-n junction of diffused PbSe homojunction lasers is
reported. The analysis demonstrates that the width of the distribu-
tions depends significantly on the grading of the net donor-acceptor
density near the junction. The width of the carrier distributions is
affected by junction electric fields which act to retard the diffusion
of minority carriers, where the magnitude of the fields is determined
by the effective junction grading parameter and the injection level.
The width of the lasing radiation mode is controlled by the spatial
variation of the real part of the dielectric constant, which reaches a
maximum near the junction. The changes of the dielectric constant
with position are dominated by the effects, both intraband and inter-
band, of the changing carrier densities with position. Relative con-
finement effects of the junction grading on the distributions of the
carriers and the optical field are found to be greater than in the case
of GaAs lasers.
Particular attention is given in this study to lasers fabricated
by diffusing excess selenium into substrates that are saturated with
lead. It is shown experimentally by a microwave technique that the
profile of the net donor-acceptor density resulting from such diffu-
sions is approximately in agreement with the predictions of Walpole,
Guldi and Brodersen.
Measurements of far-field patterns obtained at 770K for a
series of PbSe diodes are reported. The mode widths and inferred
from the divergence of the laser output beams confirm the analysis
presented in this work. The mode widths varied between 6. 8 and
14. 5 microns for the diodes studied.
The total number of injected minority carriers at threshold in
the lasers was inferred from the value of the minority carrier re-
combination lifetime. Measurements of this lifetime made with a
variation of the time-delay technique are reported for the lasers
fabricated. Its value was found to be 2 nsec, which indicates a low
efficiency of spontaneous radiative recombination below threshold.
An analysis is given for the threshold current density of diffused
PbSe lasers which takes into account the confinement of the minority
carriers and the optical mode. Improved confinement of either distri-
bution is shown to result in a lower value of threshold current density
at ligh temperatures. Measurements of the temperature variation
of the threshold current density are reported for several lasers; the
results are consistent with the model presented.
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CHAPTER I
INTRODUCTION
I. 1 Importance of Lead Salt Lasers
Lead salt lasers have been under development since 1964, when
stimulated emission was first obtained from a PbTe p-n junction. 1
At present the family of lead salt materials in which laser action has
been observed includes a wide range of compounds and pseudobinary
alloys, many of which are shown in Fig. 1. Output frequencies of
the lasers lie in the infrared region of the spectrum; by adjusting
alloy composition, lasers whose output is at any wavelength between
2, 3
2. 5/A and 32A may be fabricated. Individual lasers, in addition,
may be tuned over a sizeable frequency range because the value of
the energy gap of lead salt semiconductors is highly sensitive to
temperature, stress and magnetic field. Commonly lasers are tuned
by the convenient method of adjusting the diode current, which affects
the temperature of the laser junction. 4
Measurements have shown that when lead salt lasers are
operated continuously, single mode outputs of narrow linewidth (as
little as 54 KHz) and high frequency stability may be obtained. 5 The
combination of narrow linewidth and tunability has enabled researchers
to use lead salt lasers in molecular spectroscopy measurements of
-1
unprecedented resolution. Lineshapes narrower than . 003 cm-1 have
been resolved in such measurements, 6 while the best resolution
-1
reasonably obtained with a grating monochromator is near . 05 cm-1
Among the compounds examined to date are NH 3 , CO, NO, SF 6 , SO 27-10
and others. Absorption spectra of the compounds have a wealth
of structure not resolvable with conventional means due to rotation-
vibrational mixing.
The simplicity and high signal to noise ratio of lead salt laser
spectroscopy has made such systems attractive for the purpose of
detection and concentration monitoring of gaseous contaminants.
Atmospheric pollution monitoring via this method has been shown to
be possible both in laboratory scale gas cells and over long atmos-
pheric transmission paths.
Other applications of lead salt lasers, demonstrated or pro-
posed, include studies of gain and loss spectra of gas lasers, use as
tuned local oscillators in laser communications or radar systems,
heterodyne radiometry and remote gas detection using scattered
returns.
The widespread use of lead salt lasers has been impeded by
the low operating temperature of CW lasers and the low single mode
output powers that have generally been available until recently. Much
of the laser development effort has been devoted to improvement of
these parameters. Recent advances in laser fabrication technology
(including the use of stripe-geometry, vapor-grown substrates,
polished mirror facets and anti-reflection coatings, and the develop-
ment of single and double heterostructure lasers) have increased the
maximum CW output powers obtainable from about 1 mW (typical of
the best lasers in 1970) to more than 300 mW, and the maximum
allowable heatsink temperature for CW operation from the vicinity
of 200K to over 80 K. 12-15 It is expected that further increases
in these parameters (particularly the achievement of CW operation
above 770K with reasonable yields in a number of alloy systems)
will expand the application of lead salt lasers.
I. 2 Optical and Carrier Confinement in Junction Lasers
It is well known that in injection lasers and LED's there are
mechanisms which tend to confine the emitted light to the vicinity
of the junction. The mechanisms serve to establish an effec-
tive dielectric waveguide in the junction region, such that the laser
radiation is continually refocussed as it propagates within the diode.
The basis of the optical confinement effect is particularly
18, 19
evident in double heterojunction diode lasers. As shown
schematically in Fig. 2, these lasers consist of (at least) 3 nearly
uniform layers, where the epitaxially-grown central layer is a semi-
conductor of narrower bandgap and higher dielectric constant at the
laser frequency than the remaining layers. In this case the di-
electric waveguide corresponds to the well-studied dielectric slab
model; the focussing effect may be understood as complete internal
reflection at the interfaces of plane waves propagating in the central
layer.
The nature of optical confinement in homojunction lasers is
less understood. Several theories have been advanced to explain
the origin of the dielectric constant variation in diffused GaAs
lasers; 2 0 - 2 3 it has been attributed to:
(a) the effect of free carriers in the n and p regions;
(b) the change in dielectric constant associated with negative
conductivity near the junction; and
(c) the change in 6 associated with the spatially varying
absorption edge.
The amount of dielectric constant change produced near the junction
of GaAs lasers is estimated 2 2 to be AG /6 10 - 3
An additional important effect of heterojunctions on the be-
havior of DHS lasers is to confine minority carriers injected across
the junction to the central layer. 24 Such confinement results from
the presence of discontinuities of the conduction and valence band
energies at the interfaces, which in turn are caused by the difference
in energy gap of the materials on either side. Provided the size of
the energy discontinuities is substantially greater than KT, minority
carriers may not flow into the larger bandgap layers.
Corresponding studies of minority carrier confinement in
diffused homojunctions have not been made. It has been widely
assumed that minority carriers travel a distance of the order of a
diffusion length from the junction of homostructure lasers. In this
work, however, is presented an analysis of carriers distributions in
graded junction diodes where it is demonstrated that an important
minority carrier confinement effect is in fact present. In this case
electric fields caused by the junction grading retard the flow of
minority carriers, thereby confining them to the vicinity of the
junction.
The confinement of both the optical field and the minority
carrier distribution have important effects on the laser behaviour. In
general. better confinement of either variable leads to lower thresh-
old current. Successful confinement by use of heterostructures in
GaAs lasers led to a dramatic reduction of threshold current density
and has allowed CW operation at room temperature. 25 Additionally,
the spatial distribution of the radiation within the laser determines
the shape and divergence of the output beam; these in some applica-
tions limit the fraction of the output power that is useful. The
distribution of both carriers and radiation also affects the degree to
which output is single-moded, a prime requirement in some
applications.
I. 3 Scope of this Thesis
This thesis is an experimental and theoretical study of the
confinement of both the lasing radiation and the minority carrier
distribution in PbSe homojunction lasers produced by diffusing excess
Se into Pb rich substrates. In it, the spatial variation of the optical
intensity and the electron and hole distributions in the direction
normal to the p-n junction plane are analyzed, and some of the
effects of their spatial variation are discussed.
The organization of this report is as follows:
(a) In Chapter II the grading of the net donor density in the
vicinity of the junction of PbSe diffused homojunctions is discussed.
The grading is later shown to have important influence on the con-
finement of carriers and radiation.
(b) Minority carrier confinement is analyzed in Chapter III.
The analysis consists of theoretical estimates of the behaviour of
linearly graded junctions under high forward bias, and measurements
of the minority carrier recombination lifetime in PbSe lasers.
(c) In Chapter IV optical mode confinement is analyzed. An
estimate is made of the effective dielectric waveguide that is
established near the junction of PbSe lasers, and propagating modes
of such a waveguide structure are solved for. Experimental far-
field observations are then reported for comparison with the theo-
retical results.
(d) The effects of optical and carrier confinement on the
threshold current density of PbSe lasers are discussed in Chapter V.
A theoretical model is given for the variation of Jth with temperature
for lasers with different junction grading, and experimental results
are shown for comparison.
(e) Summary and conclusions are contained in Chapter VI.
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CHAPTER II
JUNCTION GRADING IN DIFFUSED LASERS
II. 1 Introduction
The optical and carrier confinement in diffused PbSe lasers
will be shown to depend significantly on the grading of the net donor-
acceptor density near the junction; in this chapter theoretical and
experimental results concerning the magnitude of the grading are
discussed.
The lasers considered in this study have p-n junctions produced
by controlling the stoichiometry of the crystal rather than by diffusion
of foreign impurities. This technique, used by Eutler et. al. for the
production of the first lead salt laser, 1 remains the most common
12, 26
method of laser preparation.
In what follows, the method of production of p-n junctions by
stoichiometry control is first reviewed (Sections 2 and 3). A review
of the Brodersen-Walpole-Guldi theory for the resulting profiles of
stoichiometry is then given (Section 4). Experimental results related
to the profiles obtained in this work, including Hall measurements,
junction depth measurements, microwave reflectivity measurements
and junction capacitance measurements are given in Section V.
II. 2 Nonstoichiometry in PbSe
The phase diagram of the Pb-Se system, shown in Fig. 3,
demonstrates the large excursions from stoichiometric composition
27, 28
obtainable in PbSe. 2 In PbSe the defects responsible for non-
stoichiometry are electrically active. In Pb-rich PbSe, vacancies of
Se and interstitials of Pb are believed to be the main defects present,
and both are believed to act as donors;29 conversely, in Se rich
material, vacancies of Pb and interstitials of Se, both believed to
act as acceptors, are the primary defects. 29 Also present are
defect clusters, among which the most numerous are probably
electrically inactive Pb vacancy-Se vacancy pairs. 29
No freeze-out of carrier concentrations derived from deviations
from stoichiometry has been observed in the Pb salts. This observa-
tion is in accord with the work of Parada and Pratt, whose calcula-
tions indicate that no states within the energy gap are formed by the
introduction of Te or Pb vacancies in PbTe. 30 The binding energy
of a carrier to a localized charge center in PbSe due to Coulomb
forces alone is very small, due to the low value of effective mass and
high dielectric constant of the material; within the hydrogenic model,
a binding energy in PbSe of less than .02 meV is derived at 4. 20K.
In order to obtain useful carrier densities in the Pb salts,
crystals are usually brought into thermal equilibrium with a gaseous
ambient of controlled pressure of Pb and Se 2 31
II. 3 Junction Preparation Method
The starting material for the preparation of the lasers used in
this study was Bridgman-grown PbSe whose carrier density was near
5 x 1018 holes/cm-3 (corresponding to composition near that of the
maximum melting temperature -- Point A in Fig. 3). To produce
the p-n junctions, slices were first uniformly saturated with Pb
(during what will be called anneal N, which converted the entire
substrates to n type conductivity). Subsequently they were annealed
in the presence of excess Se for a controlled, short time (anneal P)
in order to form p type surface layers.
Anneals were carried out following techniques developed by
Calawa et. al. at Lincoln Laboratory. 28 The sources of Pb and Se
in anneals N and P were mixtures of Pb and PbSe, and Se and PbSe,
respectively. These mixtures were prepared so that at the anneal
temperature they consisted of both liquid and solid phases; the vapor
pressure of constituent species about such 2 phase mixtures is well-
known to be uniquely determined at a given temperature. Transport
of material between the source and substrate was achieved via the
vapor phase in closed quarz ampoules.
Mechanical details of the annealing procedures are described
in Appendix A.
Both anneal N and anneal P were carried out at 500 0 C. The
composition of the substrates after anneal N corresponded to point B
18 -3
of the phase diagram of Fig. 3 (n = 1. 9 x 10 cm ); the surface
composition achieved after anneal P is indicated by Point C on the
18 -3
phase diagram (p = 7 x 10 cm ).
At the end of anneal P samples were quenched in water in order
to freeze in the defect concentration characteristic of the anneal
temperature. It is known that if saturated samples are cooled
slowly, often microprecipitates of the excess constituent are formed
within the crystal due to the fact that the solubility of both Se and Pb
in PbSe is retrograde. 32 Microprecipitates of Se were probably
present in the original material, formed upon cooling from the
crystallization temperature; one of the functions of anneal N, which
lasted 90 days, was to allow the Se to redissolve.
Annealing times were calculated on the basis of the data of
Calawa et. al. 28
II. 4 BWG Model of Stoichiometry Profile
The profile of stiochiometry vs. depth that results during
junction diffusions of the type described above in PbSe has been con-
sidered theoretically in a series of publications by Walpole, Guldi,
Brodersen, Calawa and Rediker. 29,3335 In their model (hereafter
designated BWG model), the simultaneous diffusion of vacancies and
interstitials of Se and Pb is taken into account, and large deviations
from the complementary error function distribution ordinarily
ascribed to impurity diffusions in semiconductors are found to occur.
Using the assumption that the concentrations of the defect satisfy
mass action laws, with equilibrium values of the Schottky and Frenkel
constants, the BWG authors show that the behaviour of the net devia-
tion from stoichiometry may be calculated from a single diffusion
equation of the form
S • (II-1)at ax ax
in which an appropriate effective diffusion constant DA  is used.
D& is strongly dependent on the deviation from stoichiometry A
and is given by
D , ]% 0o - 2)
where D and D are effective diffusion coefficients for acceptor-p n
like and donor-like defects, ko is a reduced Schottky constant and
n. is the intrinsic carrier concentration. All of these parameters
depend only on temperature and are given in Reference 29. The
behaviour of DA vs. A& given in (11-2) is shown in Fig. 4. The
physical basis of the shape of the curve is the fact that the diffusing
species in n and p type materials are different, and the relevant
mobilities (and hence diffusion coefficients) are different. One effect
resulting from the behaviour of DA is the fact that the junction motion
is more rapid when excess Se is diffused into a Pb rich substrate
(p into n case) than when excess Pb is diffused into Se rich material.
The diffusions considered in this thesis correspond to the p into n
case.
An approximation for DA useful in the prediction of diffusion
profiles is the step model described by Brodersen et. al., in which
DA is assumed to be concentration independent in both n and p type
material, but different in the two regions. Under such an assumption
analytic solutions have been found for the variation of A with
distance resulting from a junction diffusion. The profile obtained in
the diffusions described in this work, evaluated according to the step
model using values of the constants shown in Table I, is drawn in
Fig. 5.
Numerical solutions of Equation (II-1) using the full dependence
of D& on 4 given by (II-2) have been carried out also as part of this
work. With the substitutions
DA X
"A MOE a t(11-3)
the equation may be recast into the form
Sh )+ _z. dA= O (11-4)C 7 da 2. e
This in turn may be integrated to yield
d h_ dA I(Io ) 1 -)
Acih4:iWO Zk hA (61A-)5)
0
which is amenable to easy numerical integration. A trial and error
method was used to determine one of the boundary conditions at z=0.
Solutions of A corresponding to diffusion at 500 0 C and the material
parameters of Table I are shown also in Fig. 5.
The BWG model is supported experimentally by the fact that
it has enabled a correlation to be' made between data from radioactive
tracer diffusions under equilibrium conditions and junction depth vs.
time measurements in p-n interdiffusions. Excellent agreement was
obtained between tracer results and junction depth results for p into n
diffusions; discrepancies were found however, between junction depth
measurements and predicted values for n into p diffusions. This
reflects uncertainty in the most appropriate value of Dn in Table I.
II. 5 Experimental Characterization of Junction Diffusions
In order to experimentally verify the predictions of the BWG
model for the junction profiles obtained in the diffusions of this work,
several methods of profile characterization were used. These include
Hall measurements, junction depth measurements, microwave re-
flectivity measurements and junction capacitance measurements. The
techniques used and results obtained will be presented for each in
this section.
(i) Hall Measurements
Measurements of mobility and carrier concentration at room
temperature and 770K were carried out on n type substrates obtained
after anneal N and on p type samples obtained by performing an anneal
P under conditions analogous to the junction diffusions (except that
the anneal was prolonged to the point where the sample became uni-
formly p type). In the latter case it is expected that the measured
quantities correspond to the material at the p surface of the lasers.
The Hall samples were of the standard bar shape and in most
cases had the standard 6 lead contacting configuration. Contacts to
n samples were made by alloying In balls to the sample and subse-
quently alloying Au wires to the In. For p samples, contacting was
done by welding Pt wires to the sample by the capacitor-discharge
method.
Results of the measurements are shown in Table II. Measured
values of carrier concentration are in fair agreement with the published
data of Calawa et. al. 28 and Harman 2 9 for the saturation limits of
PbSe. The agreement demonstrates that no high impurity concentra-
tions were present in the starting material or in the Pb or Se rich
powders used in the anneals. The accuracy of the measurements,
limited by geometrical factors in this case, is expected to be no
better than 20%.
(ii) Junction Depth Measurements
The p-n junction depth was measured on slabs cut from the
same substrates from which the lasers described in Chapter IV were
obtained. The measurement of junction depth was done by observing
the sign of the thermoelectric voltage when a thermoprobe was used
on the surface of angle-lapped samples.
The angle-lapped samples were prepared by the same lapping
and polishing procedures used for the lasers (described in Appendix
A), except that a polishing block with a surface bevel of 30 was used.
Before and after lapping the thickness profile of the samples was
measured under a microscope -- thus avoiding errors due to possible
nonparellelism of the original samples and possible mismounting of
the samples on the beveled block.
The thermoprobe used in the measurements was constructed
and is used at Lincoln Laboratory. The author is grateful to
A. R. Calawa for permission to use the system. The system employs
a soldering-iron-heated Au wire probe, and all electrical connections
in the region where there are substantial thermal gradients are made
with Au leads and contacts in order to avoid spurious thermovoltages.
Measurements were performed at room temperature and 770 K.
Results of the two sets of measurements were in very good agreement.
Fig. 6 shows the measured values of junction depth for the set
of diffusions plotted against the square root of the diffusion time.
Also shown are the junction depths predicted from the BWG model.
Agreement between the predicted and measured values is good.
Shown also in Fig. 6 are predicted values of junction depth based
on a diffusion theory which assumes DA independent of stoichiometry.
This model displays a slight deviation of depth from the square root of
diffusion time law due to the fact that the semiinfinite slab limit is
violated for the deepest junctions in the 19 mils thick samples used.
Junction depths were computed from the expression36
where D was adjusted to give the same depth as the BWG model for
shallow junctions. Differences between the predictions of the two
models are so slight, however, that the experimental data do not
allow a selections between them to be made.
(iii) Microwave Reflectivity Measurements
In order to obtain more directly some measure of the diffusion
profile, the reflectivity of a sample at a microwave frequency was
measured at various stages of removal of the diffused surface. The
reflectivity at this frequency is controlled essentially by the
resistivity of the sample. By assuming the carrier mobility is
approximately constant, a comparison can be made between the pre-
dictions of the BWG theory for equilibrium carrier concentration
profile and the observed reflectivity profile. This method of diffusion
profile characterization has comparatively low spatial resolution but
does not require preparation of crystal surfaces of high purity and
perfection, as do measurements of IR reflectivity, 37 Schottky barrier
capacitance38 and spreading resistance.39
The magnitude of the reflection coefficient R of the sample at
74. 6 GHz was measured with the microwave circuit shown in Fig. 7.
The precision attenuator Al (FXR Model E164) was adjusted to null
the detector outputs D1 and D2 when the waveguide termination T1
was shorted with a gold foil and when the sample was clamped across
it. The difference in attenuator readings gave ) = -101og R. A
similar scheme was used by Bichara and Poitevin to measure the
resistivity of Si samples. 40 A gasket of indium was used between
the waveguide flange and the Pb Se sample in order to minimize the
resistance and spatial non-uniformity of the contact.
The sample surface was lapped off in numerous stages, between
which measurements of reflectivity were made. Lapping was done
with 2 micron alumina powder and was followed by a chemical polish
with aqueous solution of Cr03 (which removed about 5 microns). The
surfaces of the sample were maintained parallel during the lapping
process to within 0. 2 mils over the region where the reflectivity
was measured.
The results of ? vs. z (distance measured form the original
p surface) are shown in Fig. 8. This figure also shows the reflec-
tivity of an identically prepared undiffused n type substrate, which
may be compared to the reflectivity of the n region of the diffused
sample. The smooth curves correspond to the reflectivity predicted
from the BWG profile according to the analysis below, obtained using
values for the carrier mobility of 800 and 1000 cm2 /v sec. In order
to fit the measurements a junction depth of 6. 25 mils was used (in
good agreement with the expected 6. 0 mils).
The reflectivity R was calculated from 4 1
R , + (II-7)
where Ym is the ratio of the transverse component of the magnetic
field to the electric field amplitude for waves propagating in the
semiconductor, and Y is the corresponding admittance for the wave-
guide (RG-99/U, operated in single TE10 mode regime). Y is given
41  g
by
(II-8)
where I c is the free space wavelength at the waveguide cutoff
(MKS units are used throughout this discussion). According to the
Drude theory, 42 the semiconductor may be characterized by its
complex dielectric constant P given by
nene (11-9)
where s is the static dielectric constant, n the carrier density,
the carrier mobility and m the conductivity effective mass
(nearly equal for holes and electrons in PbSe). For a homogeneous
slab, the field amplitudes will have z dependence e , where
a CJo (II-10)
Y is given by
m
. (II-11)
In (II-10) it has been assumed that within the semiconductor the trans-
verse variation of the electric field is identical to that in the wave-
guide.
The penetration depth 4 1 6 = Re ( ) for homogeneous slabs
derived from (II-10) is plotted vs. carrier concentration in Fig. 9,
2
where we have used s w 206, m* = 0. llm and p = 800 cm /v sec.
18 -3For carrier densities below about 2. 5 x 10 cm it is found that
substantial errors might result from regarding the p region as a
homogeneous slab in the calculation of reflectivity. For these
regions the WKB approximation for the field amplitudes has been
used. 43 It was found
_I d
Very near the junction this approximate result is invalid, and a
more exact analysis has not been carried out.
The good agreement between the predicted and measured results
appears to be strong evidence for the validity of the BWG model.
These measurements, however, are incapable of resolving the beha-
viour of the profile within 0. 5 mils of the junction. At this depth the
surface region is lightly doped and thus quite transparent. Interference
effects must be expected, but the lapping accuracy and simplified
analysis given here are inadequate to treat them. It is expected,
however, that the profile will scale with distance, and the region of
uncertainty will be smaller for diffusions with junction depths smaller
than 6 mils.
The discrepancies between theory and experiment may be
attributable to contact resistance, which becomes a severe problem
for low sample resistivities and particularly for p PbSe. 44 Another
possible source of difficulty is variations of mobility, although at
room temperature (phonon scattering limited) mobility has been
reported to be approximately independent of carrier density in PbSe.
(iv) Junction Capacitance Measurements
Measurements of the capacitance-voltage relation of reverse-
biased p-n junctions are particularly suited to the determination of
net donor-acceptor densities in the vicinity of the junction. It is
well-known that the capacitance per unit area C of abrupt junctions
follows the relation4 5
.= 2- ( CNAWNV VDi) (11-13)
cz Ni No
while for linearly graded junctions it satisfies 4 5
1 12 ( )
- - (II-14)
C 3 Gi
Here Vbi is the built-in voltage of the junction, V the applied reverse
bias, 6 s the static dielectric constant of the semiconductor N D and
N A are the net donor and acceptor densities on the n and p sides of
an abrupt junction, respectively, and a indicates the net donor
density grading parameter in the linearly graded case. Values of
doping density or grading parameter correspond to those obtained at
the edges of the junction depletion region, which for junctions con-
sidered here is of the order of 100 to 1000 Ao wide. Measurements
of the capacitance of p-n junctions fabricated as part of this work
were attempted in order to gain additional knowledge of the profile
of net donor density near the p-n junction. The measurements proved
very difficult to perform due to the large leakage currents in the
diodes under reverse bias. The results obtained are in disagreement
with the BWG model of stoichiometry distribution in the diodes, and
remain unexplained.
Voltage-current curves obtained on the diodes typically had the
-4 2
shape shown in Fig. 10a, where results for a diode of area 6. 5 x 10 cm
and junction depth 5 5M& are shown at 3000K and 770 K. While recti-
fication is apparent, the effective reverse leakage resistance for
this diode is 24. at room temperature and 101 at 77 0K. The decrease
in leakage resistance as the temperature is lowered is unusual for
semiconductor junctions; it has been noted previously in lead salt
devices, 46 however, and has been attributed to an increase in reverse
tunneling current. This current component is particularly sensitive
to the value of the energy gap, and increases as the temperature is
decreased since the energy gap also decreases. Generally the
presence of tunneling current is indicative of sharply graded junctions,
although no numerical model is available to calculate the junction
grading from the magnitude of the tunneling current in the lead salts.
Standard methods of junction capacitance determination cannot
be used with diodes whose reverse leakage is so large. Approximate
capacitance measurements were carried out in this work by noting
the phase-shift between junction current and junction voltage when a
34
1 MHz sinusoidal signal was applied to the junction. The AC junction
voltage was maintained at 10 mV while the DC voltage could be altered
through bias circuitry. Measurements of the relative phase shift
(which was typically . 1 to 10, well below the accuracy of standard
vector-voltmeters) were made on the face of a Tectronix 453
oscilloscope, and were corrected numerically for the value of the
oscilloscope input capacitance and lead inductance. Typical results
of capacitance measurements are illustrated in Fig. 10b where 1/C 3
is plotted vs. V for a diode of junction depth 178 and area
.94 x 10 3 cm 2 , C was measured at 770 K. Agreement with the 1/C 3
law is good, although a similar fit with 1/C 2 is also possible because
of the large amount of scatter of the data. The curve is unusual,
however, in that the intercept V. obtained when 1/C 3 is extra-mt
polated to zero is substantially less than the expected Vbi of close
to . 17 V. The grading of the junction calculated from the measure-
ment of d(1/C3)/dV and Equation (11-14) yields a = 1. 75 x 1019 cm-3/
This figure is larger by two orders of magnitude than the results
expected from the BWG model. Similar results were obtained with
other samples, and there was little correlation between calculated
values of a and the measured junction depth of the diffusion.
Measurements of capacitance at 300 K had less scatter since
the leakage resistance was larger. At this temperature, however,
the capacitance near zero bias was dominated by diffusion capaci-
tance, while at high reverse bias sufficient junction heating took
place to make the measurements unreliable.
The anomalous high values of capacitance of the diodes (and
consequently high values of the estimated grading parameter) might
be due to the formation of an inversion layer on the surface of either
the p or n side of the junction. Such a layer would increase the
effective area of the junction and lead to capacitance estimates that
are abnormally high. Impurity effects might also lead to the observed
result. In particular, a uniform background of acceptor impurities
might cause a shift of the net donor profile from that of Fig. 5 to that
shown in Fig. 11a, and thus lead to very high grading values in the
immediate vicinity of the junction. Estimates of grading on the n
side of the junction according to the BWG model are close to the value
of a obtained above. Quantitative arguments however cannot be made
since the presence of impurities will very likely induce changes in
the value of DA(A) in (11-2), due to vacancy-impurity interactions.
Another mechanism which might lead to the anomalously high
capacitance is gross junction non-planarity, such as might be ob-
tained if diffusion is most rapid along dislocations. Then the effec-
tive area of the junction is substantially larger than the measured
cross-sectional area of the device, A final possibility for the un-
explained large capacitance results is, of course, experimental
error. In typical measurements the Q (=W C/ R) of the effective
junction capacitor was of the order of 10-4 to 10-3, while Qs greater
than 1 to 5 are required by standard capacitance testing equipment.
(v) Discussion
The experimental work detailed here is not sufficient to uniquely
determine the profile of net donor-acceptor density for the diffusions
performed. The microwave reflectivity experiments have indicated
that in gross terms the profile predicted by the BWG model is
followed, that is, that the acceptor density decreases gradually from
its value at the surface to a much lower value near the junction, and
that the net donor density on the n side of the junction approaches its
bulk value in a distance shorter than would be predicted by a model
with diffusion constant independent of carrier density. Uncertainties
remain, however, with regard to the net donor distribution in the
immediate vicinity of the junction. Also the particular value of the
slope of the donor density on the n side of the junction has not been
determined. As noted earlier, some uncertainty surrounds the value
of D , the effective diffusion constant for donor-like defects; this
n
parameter basically controls the slope of A in the n region near the
junction. It is possible that diffusion in n type material is strongly
affected by substrate dislocation density, and thus proceeds at
different rates in samples prepared differently. The plausibility of
this effect is enhanced by the fact that observed diffusion rates are
very low.
The effect of the p-n junction electric field on the motion of
species has not been considered by BWG. At the temperature of
diffusion the electric field must be small since there are very large
intrinsic carrier densities and Vbi for the junction is small. During
the quench at the end of the diffusion it is to be expected, however,
that the electric field will build up, and may cause species to move
over short distances near the junction.
Effects of impurities on the diffusion profiles are unknown at
present. It is likely that the effects are complex, however, since
many impurities can exist both in substitutional and interstitial
47form. Thus their solubilities, mobilities and even their donor-
acceptor nature will be influenced by the local value of stoichiometry.
As a consequence of the uncertainty of the net donor profile
near the junction, several models will be considered in what follows.
Model I assumes that the net donor density follows the BWG exact
solution for the profile of stoichiometry, obtained using the para-
meters of Table I. Model II assumes the donor density varies in
accordance with Fig. Ila, that is, the transition from high to low
values of DA takes place on the p side of the junction, as suggested
by the capacitance measurements. Model III assumes that the trans-
ition between values of DA occurs on the n side of the junction. This
might take place if, for example, there were present a uniform con-
centration of donor impurities in the substrate. The last model leads
to a graded junction that effectively has the same grading parameter on
both p and n sides over the entire range of interest. Such a junction
corresponds to the most natural a priori model forany diffused junction.
A number of theoretical studies in the remainder of this thesis depend
on the assumption of Model III, since its symmetry can be used to
obtain simplified solutions in many cases.
Profiles of the net donor density derived on the basis of the three
models are shown in Fig. l1b.
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TABLE I
PARAMETERS OF BWG MODEL FOR THE
CALCULATION OF STOICHIOMETRY PROFILE
PbSe Diffusion Temperature: 5000C
18 -3
As = 7. x 1018 cm
-18 -3
o0 = -1.9 x 10 cm
18 -3n. = 1. 83 x 10 cm
1
k = 2 x 1032 cm 6
o
-9 2D = 4. 7 x 10 cm /sec
P
D
n
-11 2
= 4.O x O cm /sec
TABLE II
RESULTS OF HALL IMEASUREMENTS
TMIobility (cm 2 /V sec)
3000K 77 K
Carrier Density
(cm-3 )
N-type substrates
Sample A
Sample B
Se -saturated
P-type sample
1200
870
25000
19500
1. 9 x 10
1. 9 x 10 8
580 8200
Sample
_ 
~ _I~ __ _ ~I_ ~
1. Ox 1019
CHAPTER III
MINORITY CARRIER CONFINEMENT
III. 1 Introduction
In this chapter is presented an analysis of the spatial distri-
butions of majority and minority carriers in the vicinity of the junction
of PbSe diffused lasers when forward biased to levels near, but below,
threshold. Semiquantitative considerations are also given which allow
extension of the analysis to cover the carrier distributions obtained
above threshold.
This aspect of the physics of Pb salt lasers has received little
attention in the literature. Harman, 2 Zoutendyck48 and Sleger et. al. 49
have regarded the "active region" width found from far field pattern
measurements to be an experimental measure of the spread of the
minority carrier distribution. The measured width was interpreted
as the minority carrier diffusion length obtained in homogeneous
material. The authors argued that the minority carrier lifetime
obtained by using this diffusion length and the (known) majority carrier
mobility is in accord with extrapolated values of the lifetime measured
in bulk samples. Estimates of the minority carrier penetration depth
have ranged from 20 (Pb 88 Sn.12 Te at 4. 2 0 K) to 10. 5 (PbSe at
77 K).
Mleasurements and analysis presented in this work disagree
substantially with the above interpretation. In Chapter IV it will be
argued that the near field width that may be inferred from far field
measurements corresponds to the optical mode width that results from
the dielectric constant profile of the junction, and may have little
relation to the width of the minority carrier distribution. The minor-
ity carrier lifetime has been measured in a laser structure just below
threshold and has been found to be substantially smaller than the value
inferred in the above works. Finally, theoretical analysis presented
in this chapter indicates that in most diffused Pb salt lasers the junc-
tion grading influences strongly the spread of minority carriers due
to the establishment of junction electric fields.
In what follows, the minority carrier lifetime measurement is
first reported (Section III. 2). After this, is presented a model for
the spatial distribution of carriers in diffused junctions which ex-
plicitly considers the role of junction grading (Section III. 3).
III. 2 Measurement of Minority Carrier Recombination Lifetime
For GaAs lasers in which traps are absent it has been demon-
strated that there is a time delay td between the application of a
current step I > Ith and the appearance of stimulated emission given
5 0
by
This relationship may be understood by reference to Fig. 12. The
application of a current step results in a build-up of the store of in-
jected minority carriers, measured by
N = n (x) dX (III- 2)
where n(x) is the local minority carrier density. This build-up, in
the simplest model, has exponential behaviour governed by the life-
time * of the carriers. Lasing occurs when N reaches a critical
value necessary to produce optical gain equal to the cavity losses.
For the case that the lifetime varies with the excitation level of the
laser, Ripper has shown that the parametert in (III-1) corresponds
to the average recombination lifetime of minority carriers when the
population inversion of the laser is at the threshold level. 51
Measurements of td at various excitation levels has enabled
52
workers to determine V in numerous GaAs laser systems. In this
work related measurements made with PbSe diffused diode lasers at
77 K are reported. Rather than directly measuring the time depen-
dence of the emitted light, however, in this experiment is measured
the current level at which emission first appears when short current
pulses are applied to a laser. Threshold current for pulse excita-
tion varies with pulse width since stimulated emission will be pro-
duced only if the pulse width is greater than the turn-on delay of the
laser at a given current level. Application of gives
S(III--3)
ith th
where Ip is the amplitude of a current pulse of duration t for which
th p
stimulated emission first appears, and Ith is the threshold current
for a step excitation. To derive the recombination lifetime t , the
equation (III-3) together with measurements of the dependence of
collected light output on pulse amplitude for current pulses of vary-
ing width has been used. A similar approach was used by Gorbylev
et. al. 53 This method obviates the need for a radiation detector which
is both fast and sensitive, as required by direct time-delay measure-
ments. Such detectors are difficult to obtain for the output frequency
of Pb Se lasers.
(i) Experimental Techniques
The PbSe laser studied was produced using the techniques des-
cribed in Appendix A. The depth of its junction was measured to be
2 mils. The completed diode -vas mounted in a copper heatsink struc-
ture whose inductance was measured to be less than 15 nH, and
attached to the cold finger of a dewar maintained at 770 K. The diode
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area was 1. 2 x 10 cm . Current pulses were generated with an
SKL Model 503A pulser and measured with a Tectronix Type iS1
sampling unit. A resistor of value near 50fl was placed in series with
the diode to eliminate pulse reflections. The risetime of the pulses as
measured on the system was 0. 9 nsec; values of the pulse-width quoted
below correspond to the pulse on-time plus half its risetime. The
light output of the laser was collected with an f/ 1. 2 optical system and
measured with a Au:Ge photoconductive detector whose response time
under operating conditions was 5/Asec. A boxcar integrator was used
to enhance the signal-to-noise ratio.
(ii) Results and Discussion
Measurement of the collected light output (in arbitrary units) vs.
pulse current are shown in Fig. 13. The sharp rise in collected light
with increasing current enables I to be estimated with an uncertaintyith
of less than 0. 2 A for the shortest pusle, and much less uncertainty
for longer pulses. The results for It are plotted in Fig. 14 vs. t
in accordance with Equation (III-3), from which the recombination
lifetime is found to be 2. 1 nsec.
Degradation of the current pulse risetime by circuit inductance
could lead to the observed dependence of Ih on t In the experiment
th p
this mechanism was not effective, as seen from the measured value
of the sample mount inductance and from observations of the pulse
reflected from the sample when its series resistance was changed
from 50 CI.
Inasmuch as (III-1) is derived under the assumption that current
flow in the diode contributes exclusively to the store of minority
carriers it might be argued that for p-n junctions in the Pb salts,
which have high values of the static dielectric constant, 54 a sizeable
correction must be made to account for the majority carriers added
to the edges of the depletion region as the diode is forward biased.
The majority carrier charge was evaluated from capacitance measure-
-10
ments and found to be near 6 x 10 coul, which can be supplied by
5A current pulses in 0. 12 nsec. Thus corrections to the functional
form of Equation (III-1) are small and have been neglected; a corrected
value to the lifetime, as determined from Fig. 14, is 2. O0 nsec.
(iii) Interpretation of Lifetime
The contribution to the recombination rate from spontaneous
radiative transitions may be obtained from the formula: 5 5
which applied to band-to-band transitions in direct bandgap materials.
Here R is the total number of recombinations per unit time and
spon
volume, u and 1 indicate the upper and lower band states respectively,
that participate' in a transition that generates a photon of energy E,
fu and f are their occupation numbers and I M 2 corresponds to the
directionally-averaged momentum matrix element between the states;
N denotes the index of refraction of the material at energy E.
The application of expression (111-4) to PbSe leads to the
relation
where it has been assumed that the matrix element exists only be-
tween conduction and valence band states of the same wavevector k,
and the energy of the emitted photons has been approximated by E .
The averaged momentum matrix element is
2 (0 2 2P (111- 6)
as described in Chapter IV-2. The quantity Ped(E) is the con-
duction-valence band joint density of states obtained in Appendix B.
The dependence on E of the fermi factors is an implied one: within
the energy band model of Pb Se used here (described in Appendix B),
the conduction and valence bands are symmetric, and the kinetic
energy of a carrier contributing to the emission of a photon of energy
E is
E (III-7?)
Since the equilibrium minority carrier density at the temperatures of
interest is negligibly small, the minority carrier lifetime is given by
the relation
R on
Spon j (111-8)
(p type material assumed) and the lifetime may be written in the form
" =ý W ()1 i 9)
where
~~F (Cfn'' EI- ) II-•vE'] E ~ (III-10)
and the relation
ted (III-11)
has been used, where e(e) is the density of states in a single band.
The second (dimensionless) factor has been evaluated within a
parabolic band model for generality. Within this approximation it is,
a numerical factor always less than unity that is independent of band
parameters and varies solely with the quasifermi levels of electrons
and holes. Its values therefore are applicable to all Pb salt semi-
conductors. For conditions in which the majority carrier population
is heavily degenerate (i. e. f (E)=O for energies of interest), the
v
second factor is unity, and the lifetime attains its minimum value
n m r pT e (III-12)
In PbSe spon mi calculated using values of the matrix elements
obtained by Bernick as described in Chapter IV. 2, is 9. 3 nsec at
77 K, and has weak temperature dependence (dominated by the
behaviour of E (T)). This lifetime is substantially longer than the
g
corresponding number for GaAs (near 1 nsec); the ratio of the two
is understandable in terms of the inverse dependence on energy gap,
which in turn stems from the energy dependence of the number of
photon modes per unit energy.
The occupation factor F(f fn' P. fp) has been evaluated numer-
ically and is displayed in Fig. 15 as a function of the dimensionless
fn 6 fp fn 6 fp
variables , . Values of and
KT KT KT KT
appropriate to the junction region near. threshold at 770 K in diffused
PbSe lasers are near 0. 1 to 0. 5, as discussed in Section V-3 (al-
though both quantities very spatially). The occupation factor is thus
expected to be of the order of 0. 2 to 0. 4. The overall lifetime due to
spontaneous recombination is therefore found theoretically to be near
20 to 40nsec. Since the measured lifetime is 2 nsec, it is clear that
other recombination processes mupt be important.
An interesting feature of the results of Fig. 15 is that the life-
time is relatively independent of minority carrier density, particularly
at low carrier degeneracies. This allows the occupation factor to be
conveniently approximated by its value in the limit fm m in
f
zF (1 Wc X 2_ (111-13)
The above integral may in turn be approximated by
( f +fl - 4 G/KT (III-14)
I 8 +Ie,~~
whose values are shown in Fig. 15.
Corrections may be necessary to the above calculation of the
radiative lifetime due to several sources. To obtain the net recom-
bination rate one should take into account the generation of minority
carriers due to reabsorption of spontaneously emitted photons. This
generation rate depends strongly on geometrical factors of the laser,
and has been omitted in this work. Similarly, the possibility exists
that spontaneously emitted photons in low Q (non-lasing) modes may
cause additional recombinations by stimulated emission. In lasers
with lossy cavities the density of photons in non-lasing modes may
build up appreciably before the onset of lasing. Preliminary calcula-
tions indicate, however, that this effect causes only negligible changes
in the net recombination rate.
Among the non-radiative recombination mechanisms that may
be present in the PbSe diffused lasers are Auger recombination,
Auger recombination assisted by defects or phonons, 57 recombina-
tion at isolated centers with electronic levels lying within the energy
gap, and recombination at extended defects such as dislocations or
microprecipitates. A review of available data on recombination in
bulk samples of PbSnTe (expected to have behaviour similar to
PbSe) is given by Cammack. 58 Present data do not allow identifica-
tion of the dominant recombination mechanism. Since it is likely
that the recombination rate observed in present lasers is higher
than the theoretical minimum value (given by radiative and Auger
processes), it is possible that further studies of minority carrier
lifetime in laser structures will contribute to lowering the value of
threshold current density in lasers.
III. 3 Model for Carrier Distributions under Forward Bias
In this section a formalism is presented which allows approxi-
mate calculation of the variation of carrier densities, quasifermi
levels and electrostatic potential near the junction of graded p-n diodes
at high forward bias and low temperature. The model assumes that
the net donor density in the vicinity of the junction is a linear function
of distance normal to the junction, with the same grading parameter
on either side of the junction. This assumption, made for simplicity,
restricts the applicability of the results to Model III of the profile of
net donor density of PbSe diffused diodes, as discussed in Section II. 4
(v). Considerations are presented at the end of this chapter which
allow the results to be approximately extended to asymmetric donor
profiles.
A sufficient set of equations to calculate the current distribution
of arbitrary one-dimensional junctions at arbitrary bias levels in the
steady state is given by 4 5
Xt - (II-15. 1[)
9L FA) -n (r' ~ U(n,?JYx)
nr %
(II-15. 2)
(III-15. 3)
(III-15.4)
(III-15. 5)
Here + is the electrostatic potential, n and dp are quasifermi
levels for electrons and holes, respectively, Pn and p pare
their respective mibilities, U(n, p, x) is the number of electron-hole
recombinations per unit volume and time, Xdc and Xdv are effective
densities of states for conduction and valence band and I/ 2 is the
fermi integral. For convenience, a list of symbol definitions is
presented at the end of this section. The sign and reference level
used in the definition of the quasifermi levels may be seen in Fig. 16:
4 and p are measured from the conduction and valence band
edges and are positive for degenerate electron and hole densities,
respectively.
While some approximations are inherent in the set (III-15),
notably quasithermal equilibrium, generally solutions of the equations
are regarded as an "exact" solution of the set (restricted to classical
statistics) have been presented, including those of Gummel, 59
DeMari, 60 Choo61 and Hachtel. 62 However, the methods are expen-
sive in computer time and their convergence is not assured under
conditions of very high forward bias. Numerous approximate solu-
tions have also been developed for the case of linearly graded junctions.
Sah and others 6 3 ' 64 have considered approximate carrier distributions
and current flow in the case of low injection and nondegenerate
statistics. Morgan and Smits65 have calculated exactly the variation
of the electrostatic potential under the assumptions of constant hole
and electron quasifermi levels and classical statistics. However, no
consideration is given in the literature to the solution of linearly
graded junctions under high forward bias and under conditions where
carrier concentrations may be degenerate.
(i) Model Description
In order to obtain a solution to the set (111-15) according to the
present model, the approximation is made that the system is every-
where quasineutral. It is thus assumed that the space-charge region
dissappears under high forward bias, and only negligible amounts
of unneutralized space-charge exist to establish the required electric
fields near the junction. A similar result has been postulated by
Moll 6 6 and demonstrated by Morgan and Smits 6 5 for graded junctions
in the classical statistics regime. The validity of the quasi-
neutrality approximation restricts the model applicability to the
condition of high forward bias. It may be noted, however, that to
obtain optical gain the forward bias voltage of the junction must
exceed the bandgap of the semiconductor; the required high injection
is certainly obtained in the vicinity of laser threshold.
With the use of the quasineutrality approximation, Equation
(III-15. 1) becomes
•-• = D - (III-16. 1)
or
n-p z 14o -() N- A) X (111-16. 2)
where linear grading of the net donor density has been assumed.
Thus Equations (111-16. 2), (111-15. 2) and (IV-15. 3) form a set which
may be solved algebraically at any point to obtain ' in terms of
and p. The resultant variation with distance of the electro-
static potential '" is found to be slightly nonlinear, indicating that
some spacecharge is necessary to satisfy Poisson"s equation;
however, the space charge is negligible with respect to the concen-
trations of electrons and holes present at every point.
The form of the recombination rate U(n, p, x) to be used must be
selected in accordance with the model of the dominant recombina-
tion process. For example, under lasing conditions it is reasonable
to assume that the recombination rate is determined primarily by
the (spatially varying) stimulated recombination rate. In the present
chapter consideration is limited to forward bias below threshold.
In the absence of a detailed model of the dominant recombination
processes in the Pb salts, and for simplicity, the function U(n, p, x)
is taken to be of the form
s ) : -***- (III-17)U(n,px)
where nmin is the minority carrier density. This choice allows
comparison to be made with other theories, in many of which a
constant minority carrier lifetime is also assumed.
It is convenient to cast the set of equations into a dimensionless
form. With the definitions:
(II- 18)
QX
J~~W K TV1r
the set of equations to be solved becomes
(III1-19.1)
(III1-19.2)
A o=Cp 
-
(III- 19. 3)
(111-19.4)
_ _ , ' (III-19. 5)
The Equations (III-19. 4) and (III-19. 5) are first integrals of the
corresponding equations in the original set, obtained by noting
that d19 /d'
P
correspondingly vanishes on the p side.
A sufficient set of boundary conditions is given by
b rnt)
(III- -20)
d (t
cis1
I- 2
low ( 8
3c~ Il r[El)dt.
"I -~
Here V , defined by
-V = + 9 p at B=0 (III-21)
may be regarded as an input parameter, which corresponds in the
limit of small ' to the applied voltage minus the energy gap,
normalized by KT.
The system considered allows solution of junction character-
istics at arbitrary temperature for arbitrary grading value, pro-
vided the quasineutrality assumption is applicable. Results are
obtained in terms of the 2 parameters: 17 (reduced applied voltage)
and V- (normalized diffusion length). The range of 17 of interest
is 0' - < ,asing' corresponding to high forward bias below
threshold. For simplicity, a unique value of ' is used to char-
acterize the junction in this model, which corresponds to the
assumption of equal hole and electron mobilities and lifetimes, and
the neglect of variations of mobility with defect and carrier density
often observed in bulk samples. Using values of p depicted by the
dotted line of Fig. 17 and minority carrier lifetime of 2 nsec at all
temperatures, values of the parameter 2 appropriate to PbSe may
be calculated and are shown in Fig. 18 vs. T for a = 1017 cm- 3 /
The effective density of states Asd has been calculated using a
parabolic band model (which should be appropriate for conditions
18 -3
where electron and hole densities are less than 10 cm ) and is
displayed in Fig. 19.
(ii) Method of Solution
The set of Equations (III-19) is nearly in a form appropriate
for numerical solution by Euler's forward-integration method
(direct integration). A difficulty exists, however, due to the fact
that part of the set of necessary boundary conditions are specifica-
tions as z -* oo and the boundary conditions known at z=O are in-
sufficient to determine an allowable solution. The difficulty is
evident when Equations (111-19.4) and (111-19. 5) are written in the
form
_ 
_ 
_ 
47. T o 4( 1 1 2 2 1
____ 
(111-22. 2)
where
050 w(-t' wit % o (111-22. 3)
Evaluation of the derivatives in (III-22) requires knowledge of go,
a quantity which in this scheme is not obtained till the solution has
been carried out. In this work a trial and error method has been
used to obtain solutions. After solving the set with a trial value of
go, the integral of p(z) is compared with 0o and a new trial value of
Yo is determined. This sequence is repeated until self-consistency
is obtained.
It may be noted that when 2 = 0 the set (111-19) reduces to a
set of non-linear algebraic equations, and may be solved without
recourse to boundary conditions. This limit is reached for the
case of infinite recombination lifetime or infinitely large carrier
mobility; the solution for A = 0 has the feature that the quasifermi
levels are constant. Values of 0 for 2 =-0 have been found to be
very good initial trial values for solutions with low values of .
In this work values of 9o for finite, small ' were then used as the
starting point for solutions with successively larger values of ý k
The errors that occur when an incorrect trial value of o is
used are magnified in Equation (111-22. 2) for large values of z.
The quantity p in the denominator (normalized minority carrier
density) becomes small for large z. In a proper solution, the
numerator also vanishes, by the definition of 9o. If the trial9o
and the integral of p disagree, however, major errors may result.
The difficulty is overcome in this work by using a modified expression
for in this regime. For large values of z the minority
carrier density is non-degenerate; if it is further assumed that it
decays exponentially in z and the local electric field is approximately
constant than it may be shown that
F) 4 (III- 24)
This expression is analogous to the well known expression for the
effective carrier diffusion length in a constant electric field E:4 5
L. f kT -TT + (III- 25)
For typical values of 2 considered in this work, self con-
sistency of 5o (to the level of 5%) was achieved with one to four
iterations. The total calculation employs only pennies of CPU time
on the IBM 370/65 of the M.I. T. Information Processing Center.
To numerically evaluate the fermi integral F1/2(u) the well
known approximations 6 7
,1 I + o.27 e%
LI (III-26)
(Q 2  !(27) > uI1o
were used. These have been shown to be valid within 3% over their
range of application.
(iii) Results of the Model
The calculated variation of carrier density near the junction for
several values of the parameters L) and 1 is shown in Fig. 20.
Variation of the net donor density is shown by the dotted line. On the
figure also is indicated the slope of F or I that would be obtained
on the basis of classical diffusion in a homogeneous semiconductor
(i. e., if abrupt junctions and nondegeneracy were assumed). It may
be noted that values of V that correspond to laser thresholds are
in the vicinity of 0. 1-0. 5 at 770 K, as will be shown in Chapter V; it
was shown in Part (ii) above that values of A near 0. 1 to 0. 3 are
most appropriate to diffused PbSe lasers. The curves for these
parameter values indicate dramatically that the minority carrier
distribution is much more confined to the junction region than would
be found by the classical diffusion model.
An interesting feature of the results of Fig. 20 is the apparent
insensitivity of the carrier distributions to the parameter 1 . This
results from the choice of initial conditions used in the solutions. A
choice of the parameter %Y (which is directly related to the applied
voltage for k = 0, but for the other values may be different) effectively
specifies the minority carrier concentration at z = 0. Furthermore,
by the symmetry of electrons and holes it may be readily derived that
under all conditions
= - •- at O (111-27)
in this model. In effect, then, the shape of 1 (z) and ( I ) near
z = 0 is completely specified by V alone, and subsequent variation
caused by different values of 2 must be slight.
The variation of the electrostatic potential i and the quasi-
fermi level for one species is shown in Fig. 21 for . = 0. 32 and a
variety of bias levels. We recall that for 2 = 0 the quasifermi levels
remain constant in space. For smalllY approximately the same result
holds if 1 = 0. 32. The variation of ' indicates that there is a sizeable
electric field present which tends to oppose the flow of carriers. For
' = 0, and representative values of T = 77 K, and a = 1017 cm3 / ,
the electric field at the junction is of the order of 25 v/cm. In regions
of small minority carrier density, the potential variation may be
directly related to the variation of chemical potential ( On t 1 )
of the majority carriers. For example, for 3 = 0 (constant quasifermi
level) and low temperature it is clear that I must change so that the
distance between the majority carrier fermi level and the band edge
increases as needed to accomodate more carriers in the band. The
electric field decreases far from the junction because the variation of
carrier density with chemical potential is sublinear.
For increasing values of 1Y and *4 , the junction electric field
decreases and finally changes sign. In this regime where very sizeable
currents are flowing the finite sample resistance strongly influences
the behaviour of 1 and 9 n. The reduction of the electric field is
largest at the junction, where the net carrier density is the smallest
and the resistance is largest. Ultimately the current flow is too large
to be supplied by diffusion alone even under flat band condition and the
electric fields aid the flow of both minority and majority carriers.
Under such conditions, the minority carriers are substantially less
confined that would be predicted by the classical diffusion model. As
will be shown in Section V, lasing occurs long before this regime is
reached in standard structures.
The regime of V and 2 for which the junction electric field
changes sign (which we will call the resistive regime) may be readily
determined after noting that the normalized electric field dA / ds
at the origin is given by
di I - 0 t-as 0
dIi (Afy(-28)
Using the result that the value of o is approximately independent of
, it is possible to calculate from (111-28) a limiting value limlim
of 1Y for each 1 so that for I > •Y lim the electric field is negative
(which corresponds to the resistive regime). Values of lim vs. A
are shown in Fig. 2%b.
The normalized current density flowing through the junction for
various values of ' and ' is shown in Fig. 22 . For T = 770K,
17 -3 2a = 10 cm /I. and ' =2 nsec, units of o are 3600 A/cm . Thus,
for these values the flat band condition is not reached till the current
density becomes greater than 35000 A/cm2
Calculations of the J - V relation for junctions should be possible
on the basis of this model. For ' # 0, however, there is difficulty
in separating the voltage drops across the junction and resistive drops
across the bulk regions. The structure considered in this model
extends to infinity in the positive and negative z directions; it is not
obvious whether 0 and I reach finite limits for increasing z.
n
Some artifice (such as the inclusion of contacts or the definition of a
region where the donor profile ceases to be linearly graded) must be
employed to define with precision what is meant by the junction region.
No such extension was carried out in this work, however.
(iv) Validity of Quasineutrality Assumption
The argument in support of local charge neutrality parallels the
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standard discussion based on the concept of Debye length, which will
be reviewed here briefly. The function (x) is defined as the poten-
tial variation obtained under the assumption of strict quasineutrality
(III-16). If the actual potential (x) is near o(X) then Poissons
equation may be written
dm'L L
where
-I J4 "(me'U l(ab
Lj6
(III- 30)
The solution to (III-29) is given by
I- to Ci + Ca e (III-31)
-1
The deviation of the potential from 1 will be reduced by e
over a distance Ldb. If only small variations in ND-N A take place
over a region of this size, then the semiconductor will be substantially
neutral. Typical values of Ldb for PbSe structures for 7o>0 are in
the range of 200 to 500 R, which is very small with respect to the
scale of variation of ND-NA'
A somewhat more quantitative argument may be made by re-
casting Equation (III-15. 1) into dimensionless units:
at0.k (III-32)
where
In the model solutions for 11 the last term of the r. h. s. has been
neglected with respect to the other terms. At z = 0, the last term
is identically zero by symmetry, yet p( %E ) is appreciable. For
large z, the derivative term is again unimportant. It may be further
shown for solutions 4" obtained by assuming quasineutrality that
self consistently at every point 0 /a# is negligible. For
example, for V = 0, 1 = 0, values of el/4a are plotted vs.
z in Fig. 23. The value of O' for 77 0 K and a = 1017 cm
-4
is 2. 5 x 10-4. Thus the neglected term'is at every point less than
-5
6. 5x10-5
To complete the argument, it may be noted that uniqueness of
solutions to (III-15) is intuitive (it may be easily proven for *X = 0).
Thus the selfconsistent solutions " " must be the correct solutions.
(v) Carrier Distributions Above Lasing Threshold
As noted earlier, above the threshold for laser action the model
of Section III. 3 (i) must be modified to take into account the stimulated
emission recombination rate. From Reference 55, the rate of re-
combination per unit volume due to stimulated emission of photons of
energy E into one cavity mode is given by
Sr m(E) e (111-33)T2 rn" F.
where N is the local density of photons in the mode and the remaining
symbols have the same meaning as in (11-5). The rate varies spatially
2
because N is proportional to I'm (x) I (where I e(x) is the electric
field amplitude of the lasing mode) and because of the dependence of
(I-33) on quasifermi levels of both electrons and holes.
The total number of injected carriers per unit area N m
mm
n min(x)dx may be readily estimated under lasing conditions.
Nmin (J) is known to be approximately independent of current density
above threshold, since the gain coefficient for any laser cavity mode
may not increase above the value set by the loss coefficient for that
mode. Thus
NIn (3)W Nmin ( () ýOr XIt vU (111-34)
N in (J th) may in turn be obtained by the relation
mm th
t re [Jth) (III- 35)
where rec( th) is the average minority carrier recombination life-
time when carrier densities are at the threshold level. (III-35) corres-
ponds to the fact that there is one net electron-hole recombination for
each carrier that crosses the junction of the device.
Under restricted conditions approximate carrier distributions
may be calculated without recourse to (III-33). If the width of the
lasing radiation mode is substantially greater than the region where
the minority carrier density is appreciable, then N may be effectively
regarded as independent of position. Also, if the majority carrier
density is sufficiently degenerate, then W sim(E) is approximately
stim
proportional to the minority carrier density. Under such conditions,
the total recombination rate may again be represented by
S(h X) " (111-36)
where t (J) is independent of position, but dependent on the power
output of the laser and hence on the value of current density flowing
through the junction. The value of may be obtained with the ex-
pression
T .- n  (III-37)
which together with (III-32) and (III-33) yields
Ce (t i (III-38)
The solutions presented earlier then give carrier distributions under
lasing conditions, provided the proper value of A (J) is used. In view
of the relative insensitivity of the distributions to the value of X , it
is expected that for lasers operated near threshold carrier distri-
butions are approximately the same as at threshold.
(vi) Carrier Distributions for Asymmetric Profiles
Discussion in earlier sections of this chapter has been limited
to p-n junctions that are symmetrically graded, that is, junctions
for which the grading constant is identical in both the n and p regions.
The symmetry was used explicitly to obtain simplified boundary con-
ditions at x = 0; furthermore, the quasineutrality approximation is
valid only if the net donor density profile has continuous first deri-
vatives. In this section, semiquantitative arguments are presented
that extend the analysis to junctions with asymmetry. In particular
the carrier distributions under forward bias will be considered for
the donor profile model shown in Fig. 24a. This profile approxi-
mately corresponds to the variation of net donor density of Model I of
Section II. 4(v). It is idealized, however, to the extent that it is
assumed here that the net donor density on the n side varies dis-
continuously at x a 0 between zero and its bulk value (which is of
18 -3
the order of 2 x 10 cm for the lasers considered in this work).
For this profile the assumption that quasineutrality applies
everywhere is unjustified, since the donor density varies appreciably
in a distance shorter than the Debye length. Standard discussions of
one-sided abrupt pn+ junctions 6 9 demonstrate that for profiles of
this type under forward bias a space-charge layer is formed near the
junction, where the largest contribution to charge on the n side is
provided by unneutralized donors, and on the p side it is given by
excess injected electrons (see Fig. 24b).
If the potential drop across the SCL is A+ , then the concen-
trations of carriers on either side of the SCL are related by
(III-39)
S-K T
Here the zero reference of 4 has been assigned to its value on the
18 -3p side edge of the SCL. Using typical values of n =2x 10 cm-3
17 17 -3 no
n = 2 x 10 , p = 2 x 10 cm for PbSe at 77 0 K, p is found
po ? -3 no
to be near 3 x 10 cm . Thus the injection of holes into the n
region is negligible, and junction current flows solely by injection
of electrons into the p side.
Quasineutrality is expected to apply within the p region beyond
the SCL edge (that is, for x4 -W as defined in Fig. 24b). At
p
x =-Wp the density of electrons must thus equal the density of holes
p
(apart from a negligible contribution of the net donor density at that
point), and
W- ? Pp(- w?) (111-40)
The current due to recombination in the very narrow space charge
region is negligible and thus
di =0
O • =-? (111-41)
In the p region of the junction for x<-W the equations governing
the distribution of carriers are the same as the set considered previous-
ly for the symmetric junction. The boundary conditions at x=-W , given
p
by (111-41) are somewhat different from those used earlier, but in the
limit 2 = 0 (that is, very large Ap or ' ) they become identical. Since
it has been observed that for moderately graded junctions at moderate
bias levels the value of % has little influence on the carrier distri-
bution, it is expected that solutions obtained for the symmetric junction
are approximately valid for the present case also. The earlier solutions
must be interpreted, however, in the following way:
(a) Appreciable numbers of minority carriers are present only
on the p side of the junction; the solutions are one-sided.
(b) The point z = 0 corresponds to x=-W in the present model.
Values of current density must be large enough that the concentration
ND (-W p) is negligible with respect to carrier densities of interest.DP
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(c) The parameter 1= n + p at z = 0 no longer has the
meaning of normalized applied voltage, since there is an additional
potential drop Ail .
(d) The units used to obtain J from the dimensionless parameter
are smaller by 50% for the asymmetric case than the corresponding
units in (III-23), since carrier distributions on only one side of the
junction are considered.
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CHAPTER IV
OPTICAL MODE CONFINEMENT
IV. 1 Introduction
In this chapter is presented an analysis of the spatial distribu-
tion of the optical field within PbSe diffused homojunction lasers in the
direction normal to the junction. The analysis is predicated on the
fact that the optical field at a given laser output frequency has the
distribution corresponding to a high Q mode of the effective laser
cavity. The high Q cavity modes may be evaluated by considering the
confined, travelling-wave modes of an effective optical waveguide
obtained in the vicinity of the junction. The overall laser cavity is
given by taking into account terminations of the optical waveguide
corresponding to the mirror facets.
Sections 2 and 3 of this chapter discuss theoretically the effec-
tive optical waveguide obtained in diffused Pb Se lasers. It is shown
that the dielectric constant of the material reaches a maximum near
the metallurgical junction, primarily in response to the low carrier
densities present there. The propagating modes of the waveguide are
then solved for in Section 4, and some of their properties are discussed.
In Section 5 masurements of laser far-field patterns are reported in
order to provide experimental support for the earlier theoretical
results.
IV. 2 Sources of Dielectric Constant Variation
The dielectric constant of PbSe at 770K at the lasing frequency
is in the vicinity of 28. 70 Its value varies with distance normal to the
junction plane, however, in response to the spatially varying electron
and hole densities, vacancy concentrations, temperature, stress,
static electric field and optical field intensity. The dependence of
6 on most of these parameters is examined in what follows. The
effects of the static and optical electric fields are omitted, however;
while potentially important for GaAs lasers, they must be small in
PbSe since the lowest order electrooptic tensor and nonlinear suscep-
tibility tensor vanish for this structure. The intraband and interband
effects of the carriers will be considered separately.
(i) Intraband Contribution
The net contribution to the transverse dielectric constant at
frequency W from carriers within a band due to real or virtual trans-
itions within the same band is given by71
S+ (IV-1)
where f is the Fermi function and va,. is the component of the velo-
city operator in the at, direction. (IV-I) is a generalization of the
more standard Drude expression which allows the nonparabolicity of
PbSe to be taken into account. If constant carrier lifetime is assumed,
the equation may be rewritten as
nne ) (IV-2)
where n is the carrier density and 4(~/m)corresponds to the value of
conductivity effective mass averaged over energy and direction. It
is given by
so3er 3 tX*
where
___ I ___". (IV-4)
Yntc ýakPt dk nc.kt k, k6
For simplicity, averaging over an energy interval several KT wide
as indicated in (IV-3) has been omitted, and to evaluate AQ fc values
of <I/r&c) have been taken to be
< > _ -- I. at fermi level for >O) (IV-5)
-- at band edge for f1f O0
The condiuctivity masses at the required energies were obtained from
the approximate PbSe band model described in Appendix B (quasi-2
band model). Resulting values of m ( E ) at 770K are shown in
c
Fig. 25. Within the approximate model, the conduction and valence
bands are symmetric so that these values are applicable to both
electrons and holes.
The scattering lifetime appropriate for (IV-2) has been studied
in PbSe by Mycielski et. al. 72 by fitting measured lineshapes in
magnetoplasma reflectivity measurements. The value of
obtained at 300K was approximately independent of carrier concen-
-13
tration in their samples and given by 1. 5 x 1013 sec. It should be
noted that this value is more than an order of magnitude shorter than
the lifetime derived from de mobility measurements on their samples.
An explanation of the discrepancy has been offered by Balkanski
et. al., who argue that scattering events with the emission of
optical phonons is permitted if the frequency of the exciting electric
field exceeds We to The lasing frequency is sufficiently high, in
any case, that any uncertainty in t will cause negligible error in
the real part of A£Ek0
Real and imaginary parts of . obtained from (IV-2) for PbSe
at 770K are shown vs. carrier concentration in Fig. 26. Correspond-
ing values for GaAs lasers are very substantially smaller, due to
-2
the Ct2 dependence of (IV-2). Since the carrier density attains its
smallest value in the vicinity of the junction, the sign of As fc is
favorable to mode confinement.
(ii) Interband Contribution: Extremal Bands
The presence of a degenerate carrier density in low effective
mass semiconductors is known to shift the absorption edge towards
energies higher than the edge of intrinsic material. 74 The correspond-
ing alteration of the real part of the dielectric constant in the vicinity
of the band edge is calculated in this section. The analysis is based on
a model which assumes k conservation in the valence-conduction band
transitions and allows for homogeneous broadening; the calculation
includes the following steps:
(a) Derivation of the imaginary part of the dielectric constant
due to the valence-conduction transitions without including
broadening (Ir e ).
cv
(b) Identification of that portion of Im E that is eliminatedCV
when a degenerate carrier population is taken into account
(A Ime ).
cv
(c) Calculation of the corresponding change in the real part
of the dielectric constant ( & Re c) by use of a modified
cv
Kramers-Kronig relation that includes the effect of homo-
geneous broadening.
Following Reference 75, Im is given by ( ci > 0 portion
cv
only):
(,,k) (ck') (IV-6)
Here a , denote coordinate directions, (v,k) and c,k') denote a
complete set of valence and conduction band quantum numbers and
f and f are thermal occupation numbers for the respective
v,k c,k'
states. The superscript indicates that broadening has not been
considered. With the assumption of k conservation and constancy of
the matrix elements over the energy range of interest (see Appendix
B) we obtain
(IV-7)
The abbreviated quantum numbers v and c contain valley index and
spin-subband index. The sum over matrix elements may be simpli-
field by noting that for this cubic material, e is diagonal and
cv
E xx = y = ZZ. Similarly, the net contributions from thecv cv cv
spin-up and spin-down valence subbands are equal. It is found
vir X I#>=1S1101? 01 l.(IV- 8)
= p,$ (IV- 8)
where p and pt are momentum operators in the longitudinal and
transverse directions of a given valley. The spin-up valence band
(chosen arbitrarily as the initial state) couples to the spin-up con-
duction band via p and with the spin-down valence band via pt (this
occurs because each subband results from the admixture of both pure
spin-up and spin-down wavefunctions). Evaluation of the matrix
76
elements using the formalism of Mitchell and Wallis gives
-t. P (IV 9)
2 2
where P and P are given in Appendix B.
The resulting expression for Im C is
cv
IF9 l( I V - 1 0 )
where I = Eck - Evk and the surface integral is evaluated over a
surface S of constant I . The quasi-2-band model used in this
work for the energy bands of PbSe near the L point is described in
Appendix B; there it is shown that the reduced density of states per
unit energy and volume for a single spin and valley has the form
(IV-11)
The final result for Im r is then given by
cv
IM CV ?ý CV C(IV- 12)
The fermi functions are to be evaluated at the conduction and valence
band energies corresponding to the states that participate in the
transition at W , that is,
where E is the energy of the state measured with respect to the band
edge. Values of Im f o obtained from (IV-12) for PbSe at 770K using
cv
the band parameters of Appendix B are shown in Fig. 27. For com-
parison are shown values of Im . cv calculated from a model which
neglects the nonparabolicity of PbSe and assumes the effective mass
is given by its band edge value.
For material with no carriers present, f = 1 and f = 0 for
v c
all W . In unpumped n type material, fc will increase for suitablec
values of W , and the change in Im 0 incurred by the presence
cv
of carriers is
APU7E mi * NO 1 i7 - tg fc (IV-13)
The sizeable change that can result may be appreciated in Fig. 27
where Im 6 at 770K with 5 x 1017 cm-3 electrons present is
cv
plotted. The corresponding change in the real part of the dielectric
constant may be calculated by using the Kramers-Kronig relation 7 7
As a computational aid, however, and to improve the approximation
to reality, the effects of lifetime broadening on Im £4 and Re E
are taken into account. With homogeneous broadening, Im ,77 cv
is given by
-ý iT ( t-L)%.Acr (TV-15)
where 2 A1 = 2 V/'t is the full width at half magnitude of the
line and~t is the phase-destroying collision lifetime. In (IV-15) the
values of A Im C for both positive and negative frequencies are
cv
required; the negative frequency portion may be found from
Im 6,, -) = - Im ,, () (IV-16)
From (IV-14) - (IV-16) we obtain
(IV-17)
This modified Kramers-Kronig relation is considerably more suited
to machine computation than (IV-14), since there is no singularity
in its kernel.
Results for &Re - for PbSe at 770K obtained by numerical
cv
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integration of (IV-17) are plotted in Fig. 28, with carrier concentration
as a parameter. In Fig. 29 the values of A Re 6 at the energy gap
cv
are plotted vs. carrier concentration for several ; since the fre-
quency dependence of these values is slight, it is assumed that they
apply also at the lasing frequency.
The values obtained for A Re c are expected to be consider-
Cv
ably more accurate than values for Re f cv obtained by Kramers-
cvKronig analysis, since Alm 6 y is non-zero only in a small fre-
quency range near the absorption edge. A proper estimate of Re E cv'
however, requires knowledge of the bahaviour of Im e for all
cv
frequencies, and far from the absorption edge the band model used here
is obviously inaccurate.
The inclusion of homogeneous broadening takes into account in an
ad hoc fashion numerous effects outside of the simple one-electron
picture that is the basis for (IV-6), including electron-phonon,
electron-local defect and electron-electron interactions. It is conven-
tional in treatments of the GaAs laser to include these effects by
relaxation of k conservation and by invoking band-tailing. 55 In
Appendix C is presented a discussion of the interactions listed above
for PbSe. It is concluded there that the amount of band-tailing expected
from Coulomb interaction with defects is extremely small and that an
assumption of non-k conservation is completely unjustified over the
energy range of interest in (IV-13) (which extends over tens of
milivolts). The exchange energy shifts of the bandgap computed in
Appendix C are small for the range of carrier density of interest also
and have been omitted from the calculation of A Re f . The value
cV
of T to be used in (IV-17) is considered also in the Appendix, where
-13it is concluded that a reasonable value is 1 = . 65 x 10 , which
yields AC = 4 meV. In view of the uncertainties of this calculation,
t must be regarded to a considerable extent as a variable parameter
of theory, however. For temperatures greater than 50 K the un-
certainty in T is substantially relieved by the large thermal broadening
already considered in (IV-17). However, the exact value of "t
strongly affects the values predicted for A Re , at 4. 20 K.
cv
In PbSe pumped by injection across a p-n junction, the minority
carrier density may be appreciable. If pumped n type material is
considered as an example, then fc is greater than 0 as before and
f is less than one due to the presence of the minority carriers. It is
evident from (IV-12) that the minority carriers induce also a change
A Im E in the interband contribution to E . Since (IV-12) is
cv
linear in f and f , v Re . for the minority carriers may be cal-
c v cv
culated independently from the estimation of majority carrier effects.
The derivation of A Re . for the minority carriers is identical to
cv
that given above for the majority carriers, and the results of Fig. 29
apply. In both cases the presence of carriers causes a decrease in
the dielectric constant of the material at the lasing frequency.
It might be argued that in the calculation of the minority carrier
contribution the most appropriate value of the broadening parameter
T is different from the best fit value for the majority carriers, since
scattering is less rapid for carriers that occupy states near the band
edge. No correction, however, was made in this work to take into
account the energy dependence of C .
There are very few experimental results concerning the absorp-
tion edge of PbSe available for verification of the theory of this section.
Scanlon has measured the absorption coefficient of PbSe as well as of
PbS and PbTe at 2960K up to absorption levels of the order of 10 cm-I
on thin polished samples. 78 However, Schoolar and Dixon later found
discrepancies between their data 7 9 (which was self-consistent with
index of refraction measurements) and Scanlon's data for PbS, so that
a detailed fit with Scanlon's PbSe results would not be meaningful.
Prakash has observed an exponential absorption edge80 (following
Urbach's rule: OC = O exp (( '6 - E )/E ) for low absorption
3 -1 0 g
coefficients ( 2 x 10 cm ) in PbSe at room temperature. A
similar result has been found for PbS and PbTe, 80, 81 and for those
materials, studies have been extended to lower temperatures. In
Table III are listed reported values of the characteristic energy E s
of the absorption edge in PbSe, PbTe and PbS. From the results in
the other Pb salts it may be inferred that E S for PbSe is of the order
of 3 mev at 770 K, although its dependence on carrier concentration,
if any, is not apparent. Corrections to the data of Table III to account
for effects of the fermi function were not made. Experimental measure-
ments of the edge are notoriously difficult since surface preparation,
stress and temperature gradients in the thin samples that are neces-
sary may strongly affect the results. It is believed that there is no
basis to date for a mo re adequate treatment of the absorption edge
than the theory of this section.
Measurements by Piccioli et. al. on polycrystalline PbTe films
have shown experimentally the sizeable Burstein shifts obtainable in
the Pb salts. 82 Their data, however, is not susceptible to accurate
fitting because of uncertainty in the value of the bandgap.
(iii) Far-Band Contributions
In addition to the elimination of oscillator strength from the
+
L 6 - L 6 extremal band resonsnace discussed above, the presence
of carriers modifies the oscillator strengths of transitions between
these bands and bands lying further away from the fermi level. For
example, if electrons are added to the bottom of the conduction band,
++ - + +±
oscillator strength is eliminated from the L (L )-L and L , L -L6resonances,3 6 4 5 6constant
resonances, as shown in Fig. 30. The change in dielectric constant
at the laser frequency may be found from an expression analogous
to (IV-6):
(IV-18)
where i, j indicate quantum numbers for initial and final states of the
transition. Since K/'0 and the spread of energies of the conduction
band states are small with respect to energies of interest, t has been
omitted and (IV-18) may be written
woo (0) : - " 6 (IV-1 - 9)
An identical expression applies to the case of holes added to the
valence band. Using matrix elements and energy separations obtained
from Bernick, 56 values of AG at the lasing frequency incurred by
18 -3
adding 10 cm electrons (or holes) for some transitions are shown
in Table IV. The values obtained are smaller than the uncertainty
in the evaluation of A cv' and thus may be neglected.
It is clear that there are no further contributions to the total
change in dielectric constant due to the addition of carriers that we
have omitted from consideration. A well-known sum rule establishes
that the net change in oscillator strengths of all transitions is given
by 8 3
)m (IV-20)
0
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The free carrier contribution accounts for
SAm rk(~u)d• mw- (IV-21)
while the interband contributions give approximately
-• •'ij (IV-22)
The fact that (IV-20) is satisfied may then be established by the
result
= I ut. (IV-23)
derived from k. p theory. 83
(jv) Core and Lattice Contributions
When a vacancy is generated in a PbSe crystal, valence and
core electrons as well as a positive nucleus are removed. If elec-
trons and nuclei on neighboring sites were completely non-interacting,
one electron state from each band (both below and above the fermi
level) and one mode of each phonon branch would be removed as well.
No new resonances would be created, and the dielectric constant
would change in proportion to the ratio of vacancies to lattice sites.
22 -3In PbSe the concentration of lattice sites is 1. 7 x 1022 cm , while
17 18 -3
vacancy concentrations of interest are of the order of 10 -10 cm
This analysis is expected to apply to a good approximation to reson-
ances involving core levels of Pb and Te, whose contribution to
is thus found to be negligible.
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The non-localized character of excitations must be taken into
account in consideration of the lattice contributions and (upper)
valence band contributions. Within the band picture, no states are
removed from the Brillouin zone by the introduction of a vacancy,
since the state-counting is based on volume (or phase space) con-
siderations. The vacancy potential perturbs the states within the zone,
however, with the creation of local modes or states. Pratt and
30Parada30 have given a detailed account of the energies of the localized
valence-electron states in PbTe and shown how a sufficient number of
them are moved across the fermi level to account for the addition of
two holes per Pb vacancy and two electrons per Te vacancy; the elec-
trons and holes then move to the extremal L and L states. The6 6h
intraband and interband contributions calculated above account for
the effects of these electrons and holes on the dielectric constant.
It is apparent that an additional contribution must be considered, that
of transitions involving the localized states. The results for PbTe
indicate that these states occur far from the fermi level, so that their
influence on 6 at the lasing frequency is slight.
Local phonon modes have not been studied in PbSe, although
they are known in other semiconductors. 84 It is not expected, how-
ever, that any resonance near the frequency of lasing will be created.
Their effect on E is thus neglected.
The lattice modes, in particular the LO phonon mode near the
r point, will be affected by the presence of free carriers by screen-
ing effects and by acoustic and optical deformation potential inter-
actions. The screening effect does not cause a change of the di-
electric constant contribution of the lattice, as shown by Varga. 85
The effect of the latter interactions is expected to be slight, since
the overall contribution of the (perfect) lattice is small. The di-
302
electric constant contribution of the lattice polarizability is given by 8 6
h ai Ce .o - C (IV-24)
which evaluated at the lasing frequency at 770K gives
& Flattice " -0.21.
(i) Stress Effects
A number of theoretical and experimental studies have demon-
strated the strong variation of the index of refraction and energy gaps
87-90
of PbSe with stress. In the Pb salts the variation is among the
largest of all semiconductors studied. The results of Reference 89
obtained with laser diodes at 770K indicate that dE /dP=-9xl06ev/
-3 -1 gbar and (1/n)(dn/dP)=1. 3x10 - 3 bar - . If uniaxial stress is applied
in a general direction, there is the further effect of splitting of the
L point valley degeneracy. 91
If the material in the vicinity of the junction of a PbSe laser is
uniformly stressed, there will be a negligible effect on optical mode
confinement, however. This stems from the fact, shown in Section
IV. 3, that the properties of the effective junction waveguide are nearly
independent of the absolute magnitude of the dielectric constant, and
are dominated by the gradients of e . Several mechanisms are con-
sidered here which are capable of producing a spatially varying stress
(or strain) in the vicinity of the junction.
(a) The total density of cacancies in the lattice reaches a
minimum at the p-n junction according to the BWG model, where it
is given by
5se] (IV-25)
Here K is the Schottky constant for PbSe at the temperature of
s 92
diffusion. Using the data of Ohashi and Igaki, 92 the vacancy density
16 -3is found to be 2. 8 x 10 cm . On either side of the junction the
vacancy concentration increases to values comparable to the net
carrier density. This spatially-varying vacancy density must produce
varying amounts of strain in the lattice, Accurate data is not avail-
able for PbSe to estimate the magnitude of this effect. However, the
dependence of lattice constant on carrier concentration in SnTe at
room temperature has been studied by Bis and Dixon using x-ray
techniques93 and the results may apply approximately to PbSe. It
was found for p-type SnTe that the lattice constant change was given
by
0.0 (IV-26)
where f is the fraction of lattice sites occupied by Sn vacancies.
On the basis of this, the strain . expected in PbSe for material
of carrier concentration p is
S---(IV-27)
Now (.3 5 x 10 2 3 -3
It is thus found that the effect on the dielectric constant is negligible
18 -3
since for 10 cm material
using elastic stiffness coefficients found by Ilisavskii. 94
(b) Stress may be introduced by differential contraction of the
laser diode and laser mount during cooling to the laser operating
temperature. Since the stress is relaxed over a finite distance, this
may lead to stress gradients at the junction. If the strain engendered
by the mismatched thermal contraction is not absorbed at all in the
Cu mount then the strain . at the PbSe diode surface 9 0 at 770K may
reach = 1. 05 x 10-3; the corresponding change of the dielectric
constant from its value in an unstrained crystal may be near unity.
The diodes used in this work were mounted with an intervening layer
of In, however, which is expected to relax the stresses developed.
Hence only a small change in Q is expected over the width of the
optical mode.
(vL) Temperature effects:
Measurements of the absorption edge behaviour as well as of
the temperature-tuning of laser output modes of PbSe at 77 0 K have
yielded the values 80, 95, 96 (1/n~dn/dT) - 3 x 10 - 4 oK-1 and
-4 o -1
dE /dT = 5 x 10 eV K . As in the case of stress, only tempera-
g
ture gradients may affect the dielectric waveguide behaviour.
Lasers were excited on a pulse basis only in the experiments
included in this work. During these pulses, which were commonly of
the order of 100 nsec in length, the temperature distribution of the
laser did not reach steady state. Using heat capacity C of 1. 0 j/
cm K, and thermal conductivity K of .08 w/cm K for PbSe at 77 K, 96
it is found that thermal diffusion during a 100 nsec period may typically
take place over a distance
-L 1 ý
10o5
Id £At (IV-29)
Thus during a current pulse the thermal energy generated serves
mainly to increase the local temperature in the region where it is
generated. The net energy per unit area dissipated at the junction for
4 2 2J = 104 A/cm is Eth = V. .3 At = 1.7 x 10 - 4 j/cm (since the
th J
resistance of the diode itself is negligible).
If it is assumed that the entire energy serves to increase the
local temperature ( 1 int - 0) , and that it is dissipated over a region
4x wide then over this region the temperature rise Tj obtained
at the end of a pulse would be 0. 43 0 K. The maximum value of the
dielectric constant change produced by this mechanism is therefore
judged to be negligible.
The time averaged power dissipated in the lasers studied in this
work is strongly affected by the resistance of the contacts to the PbSe
p and n regions, which in some cases was as large as 0. 5 l1 for a
-3 2 -510 cm diode area. The duty cycle r was of the order of 2 x 10 ,
however, such that the total average power per unit area p found to be
p = ( Vj + JA)rA)r = i.o\ u  (IV-30)
Using the value of thermal conductivity for PbSe given above, and
diode dimensions of 50OOP x 200t x 200i., is calculated that the
net temperature rise of the junction in the steady state is less than
.03 0 K.
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IV. 3 Dielectric Constant Profile of PbSe Lasers
In this section estimates are given for the spatial variation of
the dielectric constant of diffused PbSe lasers at 770K, evaluated at
the lasing frequency. The most important contributions to changes
in : were shown in the last section to be due to the intraband and
interband effects, which in turn depend on the carrier distributions.
Thus attention is first given to the distribution of the carriers near
the junction.
As indicated in Chapter II, the profile of the net donor-acceptor
density near the junction is not known exactly. Several models for
the profile were presented in Section II. 4(v); each will be considered
here. The donor density profiles are shown in Figs. 31a, 32a and
33a, for Models I, II and III, respectively. The profiles were deter-
mined using values of surface and bulk carrier concentration corres-
ponding to the lasers fabricated in this work, and the junction depth
for each was taken, as an example, to be 50t . The most appro-
priate value of the hole concentration bordering the junction in Model
17 -3II is not known; a value of 3 x 10 cm , which is consistent with
capacitance measurements, was assumed.
Since intrinsic carrier densities are negligible in PbSe at 770 K
the net donor-acceptor profiles correspond to the distribution of
carriers in the devices when there is no applied bias (apart from small
space-charge regions). Under lasing conditions there are in addition
sizeable numbers of injected minority carriers near the junction; the
density of majority carriers also increases in order to maintain
quasineutrality. As described in Section III. 3(v) the total number of
injected minority carriers per unit area N . above threshold maybe r adily calculated (independently of profil  m e ) by the relation
be readily calculated (independently of profile model) by the relation
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St. t (IV-31)
rec
The measurements detailed in Section III. 2 have demonstrated that
the value of reappropriate for the lasers of this study is 2 nsec
rec
at 770K. In the numerical examples of this section, the value of Jth
2
was assumed to be 5000 A/cm . This value is representative of
typical experimental results for the lasers fabricated. It is then
calculated that N in =6. 25 x 1017 cm 3 .
The distribution of minority carriers has been discussed in
Section III. 3. For Model III (symmetric junction case) the calculated
results of that section apply directly, while for Model I the approxi-
mate results of Section III. 3(vi) may be used. To obtain the parameter
V necessary to describe the distributions, the value of Jth together
with the curves of o vs V~ of Fig. 22 have been used. The grading
parameter a for these junctions was evaluated from Figs. 31, 32 and
-3
33 to be 1.25 cm -3/L . Values of 1 and V were found to be 3. 47
and 1. 7, and 1. 74 and 0. 6 for Models I and III, respectively. Solu-
tions for the minority carrier distribution in the case of Model II have
not been obtained, and it was assumed here that the distrubution
is identical to that of Model I. This is reasonable since if the donor
density grading at the junction proper is sufficiently rapid, then the
number of carriers needed to "fill the notch" near the junction will
be small, and will not affect the distribution of carriers elsewhere.
The minority carrier distributions for Models I, II and III are
shown in Figs. 31b, 32b and 33b, respectively.
To obtain the dielectric constant variation near the junction,
the values of Ae f and ASgcv of Figs. 26 and 29 have been used.
Contributions from majority and minority carriers were evaluated
I08
separately; in this manner the nonlinear character of, Avs. carrier
density is properly taken into account. For each profile, the local
values of majority carrier density have been evaluated by summing
the net donor-acceptor density and minority carrier density.
Resulting profiles for A Re E vs. position for the 3 models
are shown in Figs. 31c, 32c and 33c. The zero reference level of
A• in these graphs corresponds to the dielectric constant at the
bandgap frequency of PbSe with no free carriers; this value is not
accurately known, but is estimated to be between 28 and 30. 70
The dielectric profiles for all 3 models show pronounced e•aks
near the metallurgical junction. The increase of C in the central
region meets the requirements for optical waveguiding; light pro-
pagates more slowly in the central region than in the fringes, so
that a unit length of material acts as a convergent lens.
Values of A& calculated here are very substantially higher than
those known to occur in other semiconductor laser systems. For
example, in GaAs diffused lasers it is estimated that the total change
in E between its value at the center of the effective junction wave-
guide and its value in the bulk semiconductor is of the order of
.015. 23
For lasers with junction depths other than the value 50?p chosen
as an example here, the profile of E may be calculated to a close
approximation by simply scaling the units of distance by the factor
x./501 , where x. is the junction depth of the laser. This is valid
J J
because of the following:
(a) The donor-acceptor density profile scales with junction
depth, as shown in Section II. 3.
(b) The shape of the minority carrier distribution scales with
the grading parameter of the junction, which in turn depends linearly
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on x.. This result, shown in Section III. 3, follows because the
junction electric fields basically determine the minority carrier
distribution. It is not valid in the limit of very shallow diffusions,
however, since these cannot be regarded as linearly graded over
the entire range of interest.
(c) The magnitude of the minority carrier density at the
junction is not strongly dependent on the junction depth. This occurs
because Jth at 770K must vary with junction depth, as shown in
Section V. 3. For the scaling law proposed here to be strictly valid,
an inverse relation between Jth and x. must hold; although this is
not strictly true, it is expected that only small errors in the
profile will be made if it is assumed. For very shallow junctions the
assumption is no longer valid, however.
IV. 4 Dielectric Waveguide Mode Solutions
In this section the propagation of electromagnetic waves at the
lasing frequency in the dielectric waveguide formed near the junction
of diode lasers is considered. Results are presented concerning the
shape and size of low-order propagating waveguide modes as well as
their losses, dispersion relations, and far field patterns. General
theoretical results will be presented in the early sections of this
chapter, where particular attention is given to the linear variation
of 6 model. Later the results are applied to the specific case of
PbSe lasers.
The waveguide modes are obtained by solving the wave equation
which is given by the equivalent forms 4 1
V i W' V CE eve (IV. 32a)
V- + .% = - X v (IV-32b)
MKS units and the assumption of exp (ito t) time dependence are
used throughout the discussion. A coordinate system is adopted
whereby the x direction is normal to the laser junction and propagation
occurs in the z direction (see Fig. 34). The dielectric constant
is in general complex, and varies spatially in the x (and possibly y)
direction.
A well-known approximation used for waveguide modes that
are loosely confined is the assumption that both E and H are approxi-
mately normal to the direction of propagation (quasi-TEM approxi-
97, 98
mation). ' Furthermore the terms on the right hand side of
(IV-32) are neglected. The resulting equation has the form of the
scalar wave equation:
2  W L.+w 0 6(xKy)' O (IV-33)
where ý may represent E , E , H or H . This equation is equiva-
x y x y
lent to the time-independent Schridingers equation for a particle in
a 2 dimensional well. This approximation will be used throughout
the discussion.
The calculations given in the earlier chapters of this section
have dealt with the variation of E in the x direction. For the broad
contact lasers measured in this work an appropriate model including
y direction variation is
Ill
(cE,y) N(n) for -
E(y) = 1. for IyIjw (IV-34)
For lasers displaying filamentary behavior and for stripe-geometry
lasers, an appropriate model is
(Experimental evidence concerning the possible formation of filaments
in the lasers measured in this work is given in Chapter IV. 5). The
form (IV-35) when used in (IV-33) yields a separable wave equation,
in which x and y dependence of 0 may be solved for separately.
The form (IV-34) may be rendered (nearly) separable also if the
approximation
f(%y) z r (x)i (I-<4 >) 9('f Y-W)+ (y + Wl (IV-36)
is used. The technique of separation of variables will be followed in
the discussion of the Zachos and Ripper model below, but for other
models it will be only assumed possible, and the solutions will be
limited to the one dimensional wave equation involving only
variation.
If the one-dimensional variation of 6 is strictly valid (that is,
if the structure is assumed to be homogeneous and infinite in the y
direction), then solutions of the full wave equation may be rigorously
separated into 2 classes:99 TE and TM modes. Mode shapes, losses
3 12
and dispersion relations for the 2 cases are found to be slightly different
because of the (small) terms involving' V in (IV-32). In this work the
difference in properties of TE and TM modes (and hence the polariza-
tion characteristics of the laser output) will be ignored.
An (exact) numerical mode solution for the particular dielectric
waveguide obtained inPbSe lasers will not be given in this work. Rather,
several models of the dielectric constant variation will be considered
and solved. While less exact, the solutions obtained with this approach
have a wider range of applicability. Previously published dielectric
constant models are first reviewed. A profile model with linear fall-
off of E is then discussed. Several additional more complex models
are considered in Appendix D.
(i) Review of Existing Waveguide Models
Early treatments of mode confinement in GaAs lasers were
23, 100developed in terms of the slab model. The dielectric wave-
guide was assumed to consist of a series of layers, each with homo-
geneous properties (see Fig. 35a). Solutions to Maxwell's equations
are derived simply by matching boundary conditions at the interfaces
with plane-wave-like solutions within each of the layers. The width
and dielectric constant of each slab could be varied to achieve best
fit to a given dielectric waveguide. Effects of both real and imaginary
parts of E are readily included. Solutions have cosine-like variation
within the central layer(s) and exponential decay (in the x direction)
in the outermost layers. This model is not very appropriate to diffused
structures since E varies continuously in them. However, it has gained
renewed attention since it is a very good description of the waveguide
of heterostructure lasers.
The model of Zachos and Ripper, 98 developed for stripe geometry
lasers but extendable to other structures, assumes quadratic fall-off
of the dielectric constant (which is assumed real), as shown in Fig. 35b.
This quadratic variation is justifiable since it results from the lowest
order Taylor expansion of any dielectric profile displaying a maximum.
If the structure furthermore has mirror symmetry then the correction
terms involving odd powers of x vanish. The approximation is the
same as the one whereby most often all oscillators are regarded as
harmonic oscillators in classical or quantum mechanics. According
to this model, the wave equation may be written
0F 2 (IV-37)
With z dependence of the form exp (-i(1 ) assumed, mode solutions
are found to be
Yi (IV-38)
where
(V- 
T9 nK
n, .ok t'/710k
- IISI~ OPI~P
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H and H denote m- and p-th order Hermite polynominals,
m p
respectively; m and p are the mode indices and A is a normalization
mp
constant. The lowest order mode has strictly Gaussian dependence
in both x and y directions.
The model of Zachos and Ripper has attained widespread use
for the interpretation of diode laser modes. Support for the model is
based on numerous facts including:
(a) Gaussian or Hermite Gaussian variation of near and far-
fields of laser output has often been observed.
(b) The model has given quantitative c orrelation between mode
frequency spacings and far-field patterns of different modes.
(c) The gaussian and Hermite Gaussian mode patterns are
mathematically tractable.
Dielectric waveguide models more complex than the Zachos-
Ripper model are developed in this work because it is not evident a
priori how good the parabolic approximation is when applied to the
dielectric profile estimated above for PbSe lasers. The spirit of
Zachos-Ripper model applications to date has been to parametrize
the dielectric profile by observations of laser output. Considered
here are models which fit better the first principles calculation of the
profile given in this work; some of the predictions of these models
are found to agree well with the Zachos-Ripper model for a properly
chosen x.
o
Other model dielectric waveguides considered in the literature
include ones with dielectric constant variation
1 0 1
,102
(IV-40)
1 5
and
EC)x Ec, + Et (2e i e2bJx) + CiE(iaZp 2 )C)
Solutions for the optical field in both cases are given in terms of hyper-
geometric functions.
(ii) Waveguide Model with Linear Variation of I
In this section propagating modes are considered in a dielectric
waveguide characterized by the dielectric constant profile (see Fig. 35c)
S(i) = Ep + CEl x
E6(x) = Ep - E6 x
for x<O
for x>O
The dielectric constant is assumed purely real. With this profile the
wave equation in the quasi-TEM approximation for positive or negative
x takes the form
+ ( wop - 2)') - O.J ~ (IV-42)
where exp (iTz) z dependence is assumed, and the parameter f may
be positive or negative. With the substitutions
(_ c(1)/.+ X Wr,4,, . o~,
(IV-43)
Equation (IV-42 becomes
(IV-41)
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(IV-44)
orl I.
The solutions are given by
(IV-45)
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Here Ai(z) and Bi(z) denote Airy functions of the 1st and 2nd kind.
An appropriate set of boundary conditions is given by
XimX-+*00 + Mo
(IV-46)continuous at ~O 0
For the case 1
about the x = 0 plane, and
are given by
2 the waveguide displays mirror symmetry
modes have a definite parity. Even modes
L,,(K) CAi(- " )
(IV-47)
where Xm is the argument zm of the mth zero of dAi(-z)/dz. Odd
modes correspond to
for x>O (IV-48)
)= C, Ai (-) + C2 Bi (-x +)
S(X) = C Ai (-.,+N- )
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where 1 is the argument of the n zero of Ai(z). Here x , the
n o
natural unit of width of the modes, is given by
Xo =' 3 (IV-49)
The shape of the calculated modes of order 0 and 4 are plotted in
Fig. 36. Also shown in the graphs are Hermite-Gaussian modes of
the same order. The very close agreement of mode shapes predicted
by the parabolic model of 6 and the model with linear fall-off can be
readily seen.
For the purpose of optical mode confinement calculations, the
most important result of the model is the effective width of the optical
mode. For the fundamental Airy mode in the symmetric profile, the
-1
eigenvalue A has the value 1. 02, and w , the full width between e
O O
amplitude points of the mode, is given by
4I = 3.36 o (IV-50)
For higher order modes, mode width may be defined as the full
-1
width between outermost points where the mode amplitude falls to e-1
of its maximum value. It is interesting to note that differences exist
between the present model and the parabolic model with regard to the
way the widths of higher order modes vary with mode order. The
ratio of the width of modes of order m to the width of the fundamental
mode is shown in Fig. 37 for the two waveguide models. This result
implies that observations of laser output mode widths including a
sufficient number of modes might allow a choice between the models
to be made. No such experiment was included in this work, however,
since for the lasers used only the lowest order mode was recognizable
in the output.
If the dielectric constant profile is asymmetric, then 1 2"
The solutions to (IV-44) are then given by
=(x) C,Ai .-,- )
(IV-51)
where
1% Y (IV - 5 2)
and I is an asymmetry parameter defined by
= ( (IV-53)
The boundary conditions require that the eigenvalue 21 satisfy
Sd Ij:
_ Ii cAAiC,)
•A- i (. L ... I
•tI1 '- IV-54)
This equation has been solved numerically to yield the values of A
and ) 2 for profiles of a given asymmetry. Curves of 1 and ' 2
vs. are shown in Fig. 38. Some typical mode shapes for the
fundamental mode are shown in Fig. 39. The width wo of the asymmetric
modes is given by the expression
Wo = XI (IV-55)
I
'1'
,x) = ¢Ai (-;3,+
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Here C is a parameter that has been obtained numerically, and is
shown vs. I in Fig. 38.
The solutions given above describe the behaviour of the optical
amplitude in the dielectric waveguide. In the sections that follow
some properties of interest will be calculated from those solutions,
including laser output mode frequency spacings, mode losses and
laser far-field patterns. Application to the particular case of PbSe
lasers will be made after the discussion.
(iii) Dispersion Relations and Mode Spacings
The travelling-wave modes calculated above propagate according
to exp(-iV z). According to (IV-43), the propagation constant Ym
of mode m satisfies
4 X o (IV-56)
2
where n = E , ko = 211/zOl o is the free space wavelength of the
optical field and x has been defined above. Consideration is limited
here to the symmetric waveguide profile; results for the asymmetric
case are similar.
From (IV-56) it may readily be seen that the waveguide is cut
off. when
xo .4 I.o 0 W (IV-57)
and it is single-moded when
I501 -51 , XA.3 V(IV-58)
This condition requires values of x much smaller than those achieved
in practices.
If stripe geometry lasers are considered or if a filament is
present, then (IV-56) must be corrected to account for the variation
of the mode in the y direction. Following Zachos and Ripper, this is
readily done by including a new term to obtain
n ký(IV-59)
where p is the transverse (y direction) mode order and yo is the
dielectric constant parameter of the ZR model.
High Q cavity modes result when the length of the waveguide
is an integer number of half-wavelengths of the propagating field,
or
m L (IV-60)
where q is an integer (axial mode number) and L is the laser length.
From (IV-59) and (IV-60) the dispersion relation of the cavity may be
obtained
11 YýM 14 Tit 1 0(IV-61)
where mpq is the frequency of the mode of order m, p and q.mpq
The frequency separation of cavity modes differing by one unit
in mode order in any direction may be readily derived from this
equation. Taking into account the fact that the index of refraction is
frequency dependent the following is obtained by differentiation and
1•21
the neglect of small terms:
z -'" .•.(V (IV-62)
for the longitudinal mode separation;
-
-  
-A(IV-63)
for the transverse mode separation (x direction); and
SW C " " (IV-64)
for the transverse mode separation (y direction).
In (IV-63) it must be recalled that 'm is the mode eigenvalue found
in Equation (IV-47). Since for A m=l1 slightly different values of
A m are found, it is thus predicted that the modes with equal p
and q but different m are not evenly spaced in frequency.
The last two expressions may be conveniently reformulated by
eliminating xo and yo (which are not observables) and including the
observable quantities w and w (the full widths of the fundamental
ox oy
mode in the x and y directions). This yields
&) O. In I4 .l " (x direction) (IV-65)
.= o.+-03 J- Avia 'a (y direction)
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Keeping in mind that A1 m is slightly larger than tinity for low order
modes, it may be seen from the similarity of these expressions that
there is close agreement between predictions of the ZR model and
the present model for mode spacings.
(iv) End Losses and Far-field Patterns
The optical field incident upon the end mirror-facet of the
laser will be partially transmitted into free space and partially re-
flected back into the effective junction waveguide, where its energy
may be redistributed among many waveguide modes. A complete
solution to the boundary problem involves matching tangential E and
H fields among the incident field, reflected discrete and continuum
waveguide modes and transmitted propagating and evanescent plane
104
waves. This approach has been followed in approximate numerical
105
solutions for DH GaAs waveguides by Ikegami. An alternate,
approximate method of solution is to Fourier analyze the incident
electric field and compute the transmission and reflection coefficients
of each Fourier component on the basis of Fresnel theory for the
boundary of a homogeneous dielectric slab. 106-108 The latter approach
will be followed here.
The incident optical field, assumed to correspond to a pure
waveguide mode according to the solutions obtained above, may be
represented by
Here Im(q ) is the Fourier transform of (x). It is convenient
to assume that the dielectric constant within the semiconductor is
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constant and has the value p = n , and to ignore the (small) difference
between the propagation constant I and nk , which would apply to a
uniform plane wave of the same frequency travelling in the homogen-
eous semiconductor. The reflection and transmission coefficients
of each Fourier component are then given by
transmitted electric field at z0+ is given by its Fourier transformt,. ( k o-p3) • C -1i:2% c
) 'm ) (IV-69)
If the incident waveguide mode has only a slow spatial variation, then
its Fourier transform will be appreciable only at small q, and therTE = STE Vr
The reflectivity for all its compone a function of qx in Fig. 40 for nstant.p =28,
which corresponds to PbSe at 77°K. Shown also are the equivalent
angles of incidence and transmission for plane waves at the frd in thiquency
of lasing that correspond to eac  qxe Within this approximati , the
transmitted electric field at z=fe is given by its Fourier transform
t(q ) where
If the incident waveguide mode has only a slow spatial variation, then
its Fourier transform will be appreciable only at small qx" and the
reflectivity for all its components will approximate ly constant.
This limit was obtained for nearly all the lasers examined in this
work.
The optical field in the Fraunhofer far-field region may be
found by considering the free-space propagation of the transmitted
field %t(X)W given at z= 0 by
12L
t(K;0) : (fei i q (IV -70)
By the linearity of Maxwell's equations, at a distance r from the
mirror along a direction making angle 9 with the mirror normal in
the x-z plane, the field will be given by 1 0 9
This integral may be evaluated approximately by the method of
stationary phase, valid for ko r ,> 1, and is found to yield
•C,-,)= ,. e,t(, °) IV-72)
Radial decay of the electric field according to r is found in this
expression because of the assumed two-dimensional form of the
problem. An equivalent solution is found in the three-dimensional
-1
case (with the proper r-1 dependence ) provided the far-field is
observed at small angles to the mirror normal in the y-z plane
(orthogonal to direction of interest). This approximation was valid
for the far-field pattern studies reported in this work.
Measured far-field patterns correspond to the distribution of
optical intensity, proportional to I (r, 9) 2. Thus far-field
patterns are given by
(IV-73)
where C is an arbitrary constant.
In order to determine the far-field patterns corresponding to
the optical modes obtained with the linear fall-off dielectric profile
model, Fourier transforms of the mode amplitude distributions were
computed numerically. It was found that the resulting curves were
very closely Gaussian in shape. This was true even for amplitude
distributions that were relatively unlike Gaussians (e. g. those corres-
ponding to the asymmetric profiles). For example, in Fig. 41 is
shown the magnitude squared of the Fourier transform of the mode
distribution of the completely asymmetric profile ( = ),
and for comparison a Gaussian curve. The two functions agree every-
where but in the tail region.
For Gaussian modes there is a simple relation between the width
of the amplitude distribution (or near field pattern) and the width of the
magnitude squared of its Fourier transform (or far field pattern) given
by
(IV-74)
-1
Here w is the full width between e amplitude points and q is the
-2
full width between e points of the corresponding magnitude squared
of the transform, For the amplitude distributions computed above it
was found that this relationship is also valid to a very close approxi-
mation. For example, for the fully asymmetric mode ( = 00 )
the error incurred by the use of (IV-74) is less than . 5%, provided
q is measured on the most closely matched Gaussian.
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(v) Distributed Mode Losses
Free carrier absorption represents an unavoidable power loss
mechanism to waves propagating in the effective junction waveguide.
Additional loss mechanisms may be present, such as scattering or
absorption from defects such as microprecipitates or inclusions,
and scattering due to junction nonplanarity. Only the free carrier
component will be considered here.
The mode distributed loss coefficient A is defined by the
m
relation
eqm Am- (IV-75)
where Im is the optical field intensity of mode m propagating in the z
direction if there is no interband gain or loss. Am may be obtained
approximately by the relation
Am - (,,lZd (IV - 7 6)
where 0(x) is the (spatially varying) local value of the free carrier
absorption coefficient. Using (IV-2) it is found that O is given by
I = T e"r > (IV - 7 7)
Here n denotes the local net carrier concentration, N is the index of
refraction and tsc is the phase-destroying collision lifetime of the
carriers. As noted in Section IV. 2(i), an appropriate value of
is near 1. 5x10 -13 sec in PbSe, although some uncertainty surrounds
its value. No data is presently available indicating the variation of
Ssc with temperature.
Neglecting for simplicity the variation of m with carrier
c
density, 0 may be written
(.(K)= P.I('), (IV- 78)
where F. , evaluated at the lasing frequency for PbSe at 77 0 K, is
-17 23. 69 x 10 cm .
To evaluate the integral defined in (IV-76) it is convenient to
consider separately the absorption due to the carrier density present
with no applied bias and that due to injected carriers. The net donor
density may be assumed to vary linearly with distance in the vicinity
of the junction. For the symmetric dielectric waveguide the equilib-
rium carrier density then follows
n (Y= F,%IJJ (IV-79)
The mode loss coefficient due to these carriers Aeq is then
m
which has been obtained by numerical integration for the fundamental
mode. The parameter xo is the unit of mode width defined in (IV-49).
For the asymmetric waveguide characterized by the symmetry
factor it is assumed that the equilibrium carrier density varies
near the junction according to
n (i) = F', Ix1 fo r x>o
n (0 = F,•2.. Ir r ,x >0
(IV-81)
where
(IV 
-82)
(This is reasonable
nearly proportional
Then the mode loss
since the dielectric constant gradient must be
to the equilibrium carrier density gradient.)
coefficient Aeq is
m
00 1 (a) AX
+£rl X I ýý`
where Fl is a numerical coefficient which varies with I as shown
in Fig. 42.
To evaluate the mode losses due to absorption by the injected
carriers it is assumed that the width of the optical mode is much
greater than the width of the region where the injected carrier density
is appreciable. This assumption is valid for the mode widths obtained
experimentally in this work. Then the integral of (IV-76) may be
simplified to
S 1 .) S d YAm ph, r u~,\~iH Fr t Sn(v.)&
WL %k
(IV-84)
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where w1 is an effective width of the lasing mode given by
(IV-85)
and the total number of injected carriers has been taken to be
n(K)dx ke (IV-86)
as described in Section III. 3, A factor of two accounts for the in-
crease in majority carrier density necessary to maintain quasi-
neutrality near the junction. The effective width of the mode w 1 may
-1
be readily related to the mode width w0 between e amplitude points
by
w = o.• 667 o (IV-87)
which applies to the symmetric modes, and to a close approximation
to the asymmetric modes as well.
(vi) Application to PbSe Lasers;
On the basis of the dielectric constant profiles displayed in
Chapter IV-3 for diffused PbSe lasers, it is expected that the dielectric
profile model with linear variation of e should provide a good descrip-
tion of these devices. In this section the formalism of the preeeding
sections is used to calculate parameters of interest for PbSe lasers.
All three profile models described in Chapter IV-3 are considered.
For Models I and II of the dielectric constant profile (shown in
Figures 31c and 32c) the completely asymmetric model ( ' -00 )
is an adequate approximation, while for Model III the symem tric
model may be used. The parameter ý (which describes d E /dx) for
each is shown in Table V, where values are given for the example of
a 504 deep junction. Following the discussion of Chapter IV-3, we
note that a varies inversely with junction depth. Values of x
(natural unit of width for the modes) and w0 (full width between ampli-
tude points of the mode) corresponding to the 50 ~ junctions are
shown in Table V. These values were obtained by application of
(IV-49) and (IV-50). Both x0 and w0 vary with junction depth according
1/3 0to x.
It was found that differences between the dielectric profiles of
Chapter lV. 3 and the model with linear variation of 6 were capable
of broadening the modes. In Appendix D are considered several wave-
guide models that approximate Models II and III more closely than the
linear model. The results of Part A of that appendix may be applied
to the profile MIVodel III, using a value of LA /xo of 0. 814 to account for
the curvature of 1 near x=0. The corrected mode width found from
the Appendix is larger by 15% than the former estimate, as indicated
in Table V. A corrected mode shape is shown in Fig. 17
Similarly, Part B of the appendix may be used to determine the ex-
tent to which the mode penetrates the homogeneous bulk n type region.
The parameter LB/xo for Model II was evaluated from Fig. 32c to
be 5. 826. From the corrected mode shape shown in Fig. 79 it is
found that the mode spreads appreciably into the bulk n region; how-
ever, as shown also in Table V, the corresponding correction to the
mode width is slight.
The small values of wo predicted above constitute the central
result of this chapter. The substantial mode confinement stems from
the very large changes in . caused by the spatial variation of carrier
density, as described earlier.
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Frequency spacings of the modes, as well as end losses and
free carrier absorption losses are expected to be similar for all the
model profiles. In this section only the results for the symmetric
junction will be evaluated.
Using an estimated value of the index of refraction of 5. 3 for
PbSe at 77 0 K, the value of 1 + Vy dn
n d may be determined from
the measured frequency separation of adjacent longitudinal modes of
the laser; its value is found to be near 1. 2. Then, according to (IV-63),
the frequency separation of adjacent (x direction) transverse modes is
calculated to be 270 Gc. As mentioned earlier, if the mode width of a
given laser has been measured, for example by observation of its
far-field pattern, then a more accurate determination of the mode
frequency spacing may be obtained from (IV-65).
As discussed in Section (iv), the mirror-facet reflectivity for
the modes calculated here (fairly deep junction case) is effectively
identical to the results obtained for plane waves with normal inci-
dence, given by r = 0. 68 and R r2 = 0. 466. End losses for the
laser are given by
Ad end L R (IV-88)
wher Ae n d is the customarily defined distributed loss equivalent to
the transmission loss. For a 500t long laser, (IV-88) yields
end -1A = 15. 26 cm
Following (IV-80) and (IV-84), the distributed mode loss due
to free carrier absorption is given by
Am = 067 Fx Xo + 0A.92.trX o (IV-89)
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for symmetric modes. Using parameters corresponding to Model III
with xj - 501 and Jth - 5000 A/cm, (IV-8 9) yields
A = 5. + I5 c' I\.2 C' (IV -90)
A sizeable portion of the loss is thus expected to be caused by the
minority carriers.
IV. 5 Experimental Verification of Far-field Patterns
This section reports measurements of far-field patterns of
PbSe diode lasers which provide an experimental test of the optical
confinement theory detailed in earlier sections of this chapter.
According to (IV-73), the angular width of far-field patterns allows
estimation of the width of the corresponding near-field pattern, which
is given by the width of the propagating optical modes of the dielectric
waveguide. Far-field patterns were obtained at 770K for a series of
lasers which were diffused at the same temperature (5000C) and had
identical surface and bulk carrier concentrations. The diodes differed,
however, in junction depth x. and consequently in stoichiometry grading.
According to Chapter IV. 3, the profile of 6 in the junction region of
the lasers scales with x.. As will be shown, the mode widths of the
lasers infer red from the measurements reported here vary according
1/3
to xj as predicted by Section IV. 4. Also the mode width for a
given x. is in rough agreement with the theoretical predictions.
(i) Experimental Method
Laser diodes, whose fabrication is described in Appendix A,
were mounted on the copper cold-finger of a Janis dewar equipped
with BaF 2 windows. They were operated with pulses of current of
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duration less than 200 nsec and duty cycle less than 5 x 103. The
current pulses were supplied by a laboratory-built capacitor dis-
charge pulser in which switching action was obtained with a high-speed
SCR, or by an SKL Model 503A vibrating reed transmission-line pulser
(for which case a series resistor near 509. was placed near the diode
to maintain pulse shapes). Radiation was detected with a Ge:Au
detector cooled to 770K; its output into a 1 Megfl. load resistor was
amplified and served as input to a boxcar integrator, which enhanced
the S/N ratio. The boxcar output was displayed on a chart recorder.
Linearity of the detection system for the power levels attained was
confirmed by observation of the changes in response when neutral
density filters (wire meshes) were placed in front of the detector.
The angular distribution of the output could be measured by the
system depicted in Fig. 43a or with the system of Fig. 43b. With the
latter scheme the far-field pattern corresponding to a single laser
frequency could be measured; this was found to be necessary because
of the generally multimode nature of the laser output, together with
the fact that far-field patterns differed for different modes. A Spex
Model 1400-11 double grating monochromator with 8. O. blazed
gratings was used to obtain output spectra and select individual modes
for study. Radiation from the diode was focussed by a toroidal mirror
onto the spectrometer slit, after traversing a slit of width approxi-
mately 0. 4 cm. This external slit limited the acceptance angle of the
system to approximately 1. 20 in the horizontal plane (corresponding to
the x-z plane of the laser coordinate system), while in the vertical
plane the acceptance angle was approximately 150, limited by the
spectrometer. The sample dewar was mounted on a rotating table that
could be positioned manually to allow radiation emerging from the diode
at different angles to enter the spectrometer system. After each change
in the diode's angle, the diode was repositioned at the focus of the
mirror by using light from a He-Ne laser, run through the spectro-
meter, to determine the focal spot. By monitoring the reflection of
the He-Ne beam from the front diode mirror facet very accurate re-
producibility of measurements of laser line intensities between success-
ive repositionings could be achieved.
Often the diode output spectra were found to change slowly in
time, probably due to thermal drift of the dewar cold-finger. For such
cases, frequency-resolved far-field patterns were obtained by checking
repeatedly the output spectrum at a reference position and then correc-
ting by renormalization of the spectrum for the small (less than 5%)
drifts that occured in the intervening time.
(ii) Experimental Results and Analysis
A typical output spectrum of a diode laser when operated pulsed
at 770K at a current of 1. 481th is shown in Fig. 44. The basic period-
icity of output mode frequencies is 42. 8Gc, which corresponds closely
to what is expected for adjacent longitudinal cavity modes (if the
average value of the index of refraction is assumed to be 5. 3 for this
5 3 5 )m long diode, then ( Y /n)(dn/dV ) is calculated to be .235).
Several strong modes are slightly shifted (by up to 2. 2 Gc) from their
position expected on the basis of the mode periodicity. In addition,
barely resolved low intensity "satellite" peaks accompany the high
intensity modes, at a spacing of the order of 4 to 8 Gc. These modes
were later found to have the same far-field pattern in the x-z plane as
the more prominent modes. It is possible that they correspond to
imperfections of the effective dielectric waveguide or mirror facets
of the laser, or to modes with different optical field distributions in
the y-z plane. If a frequency spacing of 6 Gc is interpreted as the
separation between (y direction) transverse modes for a single lasing
filament, then the filament width obtained on the basis of (IV-65) is near
50p . In several lasers the satellite peaks were not present, or not
resolvable.
The output spectrum at higher pulse currents in general displays
many more modes. As current pulse amplitude is raised the output
power in each mode increases (although not linearly with I-Ith), the
width of the overall envelope of the emission increases and more sate-
llite modes appear. For current pulses in the vicinity of threshold the
number of output modes was found to decrease, but in general 2 to 5
modes were still present in the spectrum at the limit of detectability
of the output spectrum.
In an effort to determine if heating during the pulse was respon-
sible for the observation of broad emission, lasers were excited success-
ively with current pulses of equal peak amplitude but different duration.
No change was found in the output spectrum nor in behaviour of x-z
plane far-field patterns when the pulses were in the range 10 to 500 nsec
(although for longer pulses the spectrum broadened towards higher
energies). This negative result is consistent with the small tem-
perature rise (less than P0 K) expected to occur near the junction for
short pulses of less than 10A, as discussed in Section IV. 2.
The far-field pattern in the plane of the junction was measured
for a small number of lasers. Typical results are shown in Fig. 45
where the angular dependence of the total intensity is displayed. The
narrow angular width of the pattern is consistent with uniform emission
over the entire width of the junction (2 05pu in this case), although the
mode shape is not the theoretical one. This data supports the conten-
tion that filaments were normally absent in the diodes. In one case,
however, a diode was measured to have a value of Ith lower by a factor
of 6 than the normal results. It is likely that this occurred because
of the formation of a filament, in which the threshold current density
had a more normal value.
The far-field pattern in the x-z plane of the total emission of a
typical diode is shown in Fig. 46. Subsequent study showed that the
far-field patterns of individual output modes were slightly different,
as shown also in Fig. 46. It was in general observed that different
modes had patterns of the same shape, but the direction of the center
of the pattern was slightly different, such that the overall intensity
pattern of a sum of modes was broader than the pattern of each mode.
The direction of the center of a single-lobed far-field pattern
did not in general coincide with the normal to the diode output mirror,
and misalignment angles of up to 150 were measured. Most of this
difference is expected to have resulted from misalignment between the
mirror normals and the plane of the junction caused during the laser
mirror polishing (as described in Appendix A). It is known that for
small misalignment angles 9mis the far-field pattern is not materially
changed, but the direction of the center of the pattern is offset by an
angle n 9mis, where n is an average of the index of refraction of the
semiconductor.
Additional misdirection of far-field patterns was found to result
from other sources. When current pulses of high amplitude were
applied, in general the far-field pattern shifted in direction in the x-z
plane, without appreciable change in shape. Fig. 47 shows total emission
far-field patterns observed for several current values for the same
diode. Similar shifts were observed for individual mode far-field
patterns. The direction in which the shift occurred was for some diodes
towards the n side of the junction, while towards the p side for others.
Similarly, in some cases it was in the direction of the heatsink, while
in some cases it was away from it. The cause of this directional
effect is not understood; it may stem from the influence of the imaginary
part of E on the propagation of the modes within the waveguide. The
distribution of Im 6 is known to affect the shape of constant phase
surfaces of the modes; it is expected also that the distribution of Im
is affected by the level of excitation in asymmetric junctions.
For a number of diodes, x-z plane mode far-field patterns of very
irregular shape were found; a typical irregular pattern is shown in
Fig. 48. For diodes that displayed this characteristic, as well as for
diodes with single-lobed patterns, reproducibility of the far-field
patterns was very good. The same results were obtained for neighbor-
ing longitudinal modes (apart from directional effects), and were ob-
tained also if a diode was warmed to room temperature, remounted in
the dewar and tested again. The cause of these irregular patterns was
not determined. It is likely, however, that they result from geometrical
imperfections of the cavity, such as flaws in the mirror facets or side-
walls, or large scattering centers (inclusions or stressed regions)
present in the interior of the diode. No further data was taken with
diodes displaying the irregular patterns.
Over 50% of the diodes studied displayed regular far-field patterns,
that is, patterns that were single-lobed, approximately symmetric, and
directed from the laser at an angle not greater than 150 from the mirror
normal. Several typical far-field patterns are shown in Fig. 49, and for
comparison closely matched Gaussian curves. For the case of diode
Al the fit with the mathematical curve is very good for the two differ-
ent modes shown. Deviations from Gaussian behaviour occur for the
remaining laser mode patterns. In many cases these deviations were
shown to be reproducible by repeated measurements. These output
patterns and the ones discussed below were measured for diode currents
in the range 1.2 and 1. 8 Ith. The far-field pattern shapes and widths
were shown to be independent of current over this range. No regular,
symmetric patterns that might be interpreted as higher order mode
patterns were observed.
To determine the mode width corresponding to the observed far-
field patterns, an equivalent angular width e 9 was first found for
eq
each pattern according to the relation
S sU M()d, (IV-91)
where P(9) is the relative power observed at angle 9 from the diode
normal in the x-z plane. Numerical integration following the trape-
zoidal rule was used with the measured data points to compute the
numerator of (IV-91), while visual estimation was used to determine
P(9 ). This somewhat arbitrary definition of the equivalent width
. max
of the pattern was found to be a convenient method of eliminating sub-
jective considerations from the process of data fitting. The angular
integral was carried out between the angles 9-3 and 9+ 3 where the
relative power reached . 3 times its maximum value P (9 max); the value
.3 was selected because the S/N ratio of the measurements deteriorated
for lower detected powers. Values of eq for the set of lasers studied
eq
are shown in Table VI, together with values of their junction depth
(measured by a thermoelectric probe on remaining sections of the
substrates the lasers originated from).
-1
From values of A 9 the mode widths w (full width between e-
eq o
amplitude points) were found for the lasers using the theoretical curve
of Fig. 50. This graph was obtained by calculating far-field patterns
corresponding to a series of Gaussian modes of different width wo, and
then numerically obtaining values ofA 9 for each far-field pattern.
eq
The graph also applies to the modeshapes predicted in Chapter IV. 4
because, as shown in Section IV. 4(iv) the far-field patterns of the
modes of width wo of the linear model agree with the far-field patterns
of Gaussians of the same width wo everywhere but in the tail region
to better than 1%. Using (IV-73) the far-field pattern corresponding
to the Gaussian near-field amplitude was found to be
S W0 sinG\P(e) =C Cos 29 2A (IV-92)
where 10 is the free-space wavelength of the laser output.
The complexity of this analysis was motivated by the need to
properly take into account the cos 2 factor in (IV-92). The slight
deviation from linearity of the curve of Fig. 50 is a consequence of
this factor.
The mode width w inferred from the measurements is shown in
0
Table VI for the lasers studied. A graph of wo vs. the laser junction
depth x. is shown in Fig. 51. Despite scatter, the measured points
1/3
agree well with the x. dependence predicted in Section IV. 4(vi).
Also shown in Fig. 51 are values of mode width w0 calculated in
Section IV. 4(vi) on the basis of the three models of the donor-acceptor
density profile near the junction discussed earlier. The predictions
made with the profile models are smaller than the observed best-fit
1/3
x. law by 42%, 35% and 24% for Models I, II and III, respectively.
(iii) Discussion
The observed variation of mode width with junction depth for
the set of lasers is direct evidence that the grading of the junction
affects the degree of optical confinement in the lasers. Agreement
1/3
with the predicted x. dependence furthermore tends to support the
validity of the mode confinement calculations of Section IV. 4.
The discrepancies between the observed widths and the predic-
tions obtained earlier are bigger than might be expected solely on the
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basis of uncertainties in the values of fundamental parameters of PbSe
2
used inthe calculations (including m* ( 6 ) and P ). A possible
cv
source of the discrepancy, as well as of some of the scatter of the
data might be incorrect evaluation of the number of injected minority
carriers. This could arise because of uncertainty in the value of
either Jth or T rec to be used in (IV-31). The real values of Jth
could be considerably higher than the values used in the model if
filaments with large current concentration formed at the junction of
the lasers. This unlikely, however, in view of the reasonable accord
between the calculated and measured values of Jth to be shown in
Chapter V. The possibility remains that the value of ' varied
rec
widely among the different lasers.
The sensitivity of the estimated mode width to the value of the
injected minority carrier density may be evaluated by using the results
of Appendix D for the case of the symmetrically graded junction model
(Model III). If it is assumed that in addition to the tbtal number of
minority carriers per unit junction area N . determined in Chaptermin
IV. 3, there is a present an amount 4mi n then the dielectric constant
shown in Fig. 33c will be lower near x=0. The necessary correction
to the dielectric profile when integrated over the junction must yield
approximately
2 min p > (IV-93)
where d/4n ) is an average of de/dn over the junction, and a
factor of 2 has been included to account for the increase in majority
carrier density. In terms of the model of Part A of Appendix D the
change in the profile may be conveniently approximated by a change
in the parameter LA. The change A LA necessary to account for a
given A t (x)dx is given by
ALA -A 6.)& (IV-94)
The results of Fig. 78 indicate that the calculated mode width changes
with the value of LA in a nonlinear fashion. If the change LA in
(IV-94) is small, however, then we may use
AW. A (IV-95)
and thus
AWo dL-- , LX A(IV-96)
As an example of the application of (IV-96), if A Nmi is assumed to
originate from a change in Jth from its estimated value, then for
Model III with the parameters of Section IV. 4(vi) (50 t. deep junction)
we find
AW, = .b0 10f F/ AC 3"2 (IV-97)
There was some correlation be tween scatter of the data and
scatter in values of threshold current density found for the individual
lasers. No calculations have been carrier out, however, to obtain
better fits to individual devices.
The effects of junction nonplanarity on the propagation of the
lasing modes is now known. It is possible, if the junction waveguides
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of the lasers were sufficiently irregular, that considerable mixing of
the eigenmodes of the perfect guides took place. The resultant waves
might have regular shapes and larger widths than the fundamental
modes of the unperturbed waveguides.
Finally, as noted in Chapter II, there is considerable uncertainty
surrounding the grading of the donor-acceptor profile near the junction.
The calculated results indicate that loss of mode confinement results
if the high vacancy gradient region of the BWG profile occurs on either
the p or n side of the junction. Changes in the assumed profiles by the
effect of impurities or junction electric fields may have a further
broadening effect on the waveguide modes.
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TABLE III
EXPERIMENTAL VALUES OF CHARACTERISTIC
ENERGY E OF EXPONENTIAL ABSOR PTION EDGE
s
OF LEAD SALT SEMICONDUCTORS
Carrier
Material Concentration
(cm-3 )(cm )
PbS
Pb Te
1.7x10 1 7
1.7x1017
1.7x1017
1.7x1017
2x10 1 8
3x10 1
7
3x1017
17
3x10 1 7
3x10 1 7
n. a.
1017i0PbSe
Temperature
( K)
296
220
153
90
296
300
210
160
296
296
Characteristic
Energy E
(meV)
8.9a
7.1a
6.1, 4.8 a
3.63 a
6. 2a
6. 3 5 a
4.2 b
6.0c
6.2a
Source: a
b
c
-- Prakash (Ref. 80)
-- Kurik (Ref. 81)
-- Scanlon (Ref. 78)
~ ~L_ _1_ ^__·_IP_______s________1__1________11__
S67
168
TABLE IV
CONTRIBUTIONS OF FAR-BANDS TO THE
VARIATION OF
Transition
WITH CARRIER CONCENTRATION
Energya.
b Matrix
Element
L+6 - L 6 (L 3)
L6 - L4 L5(L3)
L6 -L4 L5(L3)6sL4 4' 5
- ± +
L -L6 (L )6 6 3
.089
. 131
.151
. 156
. 109
.249
.215
.093
-3
4. 14 x 10
2. 83 x 10-3
-3
1. 57 x 10
6. 10-4
6.•1x 10
Atomic units
bource:
Source: Reference 56
cCalculated change in
dMatrix element is P2
eq
when 1018m
2
= 1/3( P +2
z
carriers are added
2) evaluated between
states at the band extrema
   c
169
TABLE V
DIELECTRIC PROFILE PARAMETERS
PbSe 77°K
Model I Model II Model III
-10. 171
5. 40
1. 992r
-1
0.130 tA
5. 91A
6.02 A
2. 18
50 1
-1
0, 2166
6. 19ft
7.041&
1. 842 1 .
w0
w OCOrr
·
170
TABLE VI
EXPERIMENTAL BEAM WIDTHS
AND MODE WIDTHS
Laser Ahgeq() wo() xj(k )
Al 22.52 12,7 72.4
A2 28.42 10 72.4
B1 19.37 15.2 152.4
B2 20.15 14.4 152.4
C1 29.22 9.6 47.8
D1 27.54 10.2 127
D2 26.84 10.6 127
E4 36.9 7.35 27.94
G3 24.98 11.35 124.5
CHAPTER V
EFFECTS OF MINORITY CARRIER AND
OPTICAL CONFINEMENT
V. 1 Introduction
In this chapter is given an analysis of the temperature dependent
laser threshold current density of diffused lasers in which minority
carrier and optical confinement effects are taken into account. Experi-
mentally measured values of threshold current density on a number of
PbSe lasers are also reported for comparison with the theoretical
results.
Previous analyses of diffused Pb salt laser threshold current
density have been carrier out on the basis of the equation 2
C (V-l)
where d is the "active region" width within a slab approximation, 4V
is the spontaneous emission linewidth, 7 int is the internal quantum
efficiency of spontaneous emission, (T is the distributed waveguide
loss (due to free carrier absorption and scattering) and the remaining
symbols have standard meaning. This expression assumes a linear
relationship between gain and current density, which is known to be
inadequate at other than low temperatures. 55 In addition the effect of
carrier confinement is not properly included, since within the slab model
carrier distributions and gain are assumed homogeneous over a finite
width (d), and optical mode confinement effects are not taken explicitly
into account.
Effects of optical and carrier confinement on laser threshold
current density may be qualitatively understood on the basis of the
following considerations:
(i) It may be readily shown that the mode gain coefficient G
m
is given approximately by
G,, (X(V-2)
(This expression is identical to (IV-76), used to describe the mode
losses). Here G is defined such that the integrated time-averaged
m
power Im of the waveguide mode m propagates according to
I,,,(?.) --.. In o e (V-3)
in an infinite waveguide; g(x) is the local gain coefficient or negative
absorption coefficient of the material, which varies spatially in diffused
lasers in response to the spatially varying injection level near the
junction. Below threshold, the local gain distribution g(x) is uniquely
determined for a given structure by the current density J flowing through
the junction. On the basis of (V-2) it may be seen that the mode gain G
m
obtainable for a given current density J will increase if the normalized
optical mode intensity is increased in the region where g(x) is largest.
This will occur if the mode is better confined to the vicinity of the
junctions.
(ii) The relationship between the local gain and the (local) mino-
rity carrier density is known to be a nonlinear one in semiconductor
lasers. At high temperatures a typical gain-minority carrier con-
centration curve (for fixed majority carrier concentration) is super-
linear as shown in Fig. 52 (where the maximum value of the frequency-
dependent gain is plotted). The shape of the curve may be understood
by reference to the well-known fact that the gain is identically zero
until the separation of majority and minority carrier fermi levels
reaches the lasing frequency. Because of this a threshold minority
carrier density no exists, below which positive gain cannot be obtained.
The superlinearity of the relationship has the effect that improved con-
finement of minority carriers leads to greater values of the mode gain
G for a fixed number of injected carriers, as may be understood from
m
the following example. Within the slab model, the total number of mino-
rity carriers injected may be represented by N fvnd, where d is the
active region thickness; similarly, the mode gain is given by Gm r gd
where g is the local gain (assuming that the optical mode width is
bindependent of d, for simplicity). If then the relationship g " n holds,
it is found G n nbd N Nbd l - b . Thus if b is greater than 1 (super-
m
linear relation) it follows that G increases as d decreases and N is
m
maintained constant.
It may be remarked that at very low temperatures the relation-
ship of g and n may be sublinear. This corresponds to the fact that
upon increasing the injection level band-filling occurs and the width of
the gain lineshape grows larger. Under such circumstances improve-
ments in carrier confinement have a slight adverse effect on the thresh-
old current density.
In this chapter, the threshold current density of diffused PbSe
lasers is calculated taking into account quantitatively the above effects.
The calculation is restricted to the model of symmetrically graded
junctions (Model III discussed earlier) and is carried out according to
the following plan:
(a) Electron and hole distributions n(x) and p(x) in the forward
biased, linearly-graded PbSe p-n junctions are computed
following the formalism of Chapter III. 3.
(b) The current density flowing through the junction is computed
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by integrating over space the number of recombinations
that occur at every point. Two models for the recombina-
tion rate will be considered in this chapter: a model with
minority carrier lifetime T independent of carrier concen-
tration (Model A), and a model where the recombination
rate is determined exclusively by radiative recombination
(Model B). The latter is expected to yield a theoretical
lower limit to threshold current densities obtainable (al-
though perhaps a weak one).
(c) The local gain g(x) is computed from the calculated carrier
densities at every point, following formalisms to be pre-
sented below.
(d) The mode gain Gm is computed from g(x) with the use of an
approximate form of (V-2). Since it has been verified
experimentally that the width of the propagating radiation
mode is much larger than the width of the region where gain
is appreciable, the optical intensity is approximately con-
stant over the gain region and
GM ImC0)IZ jgrdXC (V-4)
It is convenient to consider the integrated gain H where
m
Hm = J gyC) d (V-5)
which is independent of mode confinement properties of
the junction in this approximation. The mode gain G is
m
then given by
G1(V-6)
where w is the equivalent width of the lasing mode defined
by
Wt, (V-7)
(e) The threshold value of current density is taken to be that
value which corresponds to mode gain Gm equal to the mode
losses for the laser, whose calculation is described in
Chapter IV. 4.
In what follows, the model used to calculate the local gain is
first described (Section 2), after which theoretical results for G vs.m
current density and threshold current density vs. temperature are
presented (Section 3). Finally, the dependence of threshold current
density measured experimentally on several diodes is presented for
comparison with the theory.
V. 2 Models for Gain Calculation
The local gain g (, , x) is defined to be the negative of the
local value of the (power) absorption coefficient of the material, a
quantity that is less than zero at energies near the band edge in semi-
conductors with population inversion.
The calculation of the gain may be readily carried out if it is
assumed that the band structure corresponds to that of defect free,
intrinsic material at T=O and that k conservation holds in radiative
transitions. Under such circumstances its magnitude is given by the
well-known formula for the absorption coefficient in direct bandgap
112
semiconductors, which when applied to PbSe yields the expression:
N2r. ý u) P (V-8)
Equivalently, the absorption coefficient may be obtained from Equation
(IV-12) of Chapter IV-3 after noting
S ** (V-9)
Effects of band nonparabolicity on the frequency dependence of the
gain may be safely neglected, since the energy range of interest is
very near the band edge.
It is known, however, thet perturbations to the perfect crystal
potential that exist in real materials affect strongly the energies of the
slow-moving electrons close to the band-edge, and cause modifica-
tions to the band-edge density of states and the k conservation require-
55
ment. The gain magnitude and lineshape, particularly at low tempera-
tures, is very sensitive to these perturbations, much more so, for
example, than the dielectric constant dispersion considered in Chapter
IV. 3, since the gain is governed primarily by those states lying very
near the band-edge. In p type or compensated GaAs, numerous studies
have indicated that realistic computations of the gain at a given injection
level must take into account the formation of bandtails and the relations
55, 113
of k conservation. Appendix C contains a discussion of some of
the effects of the perturbations in the case of PbSe. It is shown that
even for high defect densities the extent of bandtailing is slight, and
in any case the method of p-n junction preparation for the lasers used
in this study probably leads to low defect densities in the vicinity of
the p-n junction, since the acceptor-like defects introduced annihilate
the donor-like defects of the substrate rather than merely compensating
them. Consequently it will be assumed for the gain calculation that
the states involved in the transitions are nonlocalized and bandlike, and
that k conservation holds.
It may be remarked that while the assumed absence of band-
tails in PbSe makes the gain calculation very much easier, it may be
detrimental to the high temperature performance of the lasers. It
has been argued that for GaAs laser the formation of bandtails with
comparatively low densities of states greatly facilitates the achievement
of population inversion. 114
Effects of the perturbing potentials established by defects,
phonons and electron-electron interactions may be included in the
present model by allowing homogeneous broadening of the gain lineshape
with a constant lifetime for all states. A similar ad hoc inclusion of
the perturbation effects was used in the dielectric constant calculation
in Chapter IV. In that case, however, it was most important to allow
for the finite lifetime of states very far from the bandedge in compara-
tively heavily doped material, so that the best-fit lifetime figure in
that calculation may be expected to be different from the one to be used
for gain. In particular, scattering events with the emission of optical
phonons are not allowed at low temperature for carriers near the band-
edge in lightly doped materials. Some theoretical values for lifetime
of electron states in PbSe are given in Appendix C. However, due to
the numerous uncertainties of the calculation, the magnitude of the
broadening to be included will be regarded here as a variable parameter.
Although the Lorentzian lineshape appropriate to homogeneous
broadening is used here, it is expected that this formalism also may
take into account inhomogeneous broadening present in the lasers.
Such broadening may be caused by spatially varying stresses impurity
content or temperature, or nonplanarity of the junction.
With the inclusion of the broadening, the gain is given by
x W) )  .'. (V-10)
V. 3 Analysis of Threshold Current Density
It is convenient to use dimensionless variables in the calcula-
tion of the integrated gain Hm . With the use of these quantities, rela-
tionships may be obtained that are applicable to all lead salt lasers, and
for all temperatures and values of the junction grading parameter a.
As noted earlier however, the analysis is restricted to junctions that
are symmetrically graded (which corresponds to Model III of the PbSe
profile as discussed in Section II. 4(v)).
The dimensionless junction variables introduced in Section III. 3
will be used here; in addition the following quantities are defined:
kT - I (V-1l. 2)
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b,() =S f duA. ~'a(~Ai,S
Ss{,oIT
I'o 
(V-ll. 4)
aIh, Y S (It (V-11. 5)
= A
Here u is the reduced photon energy, s the reduced broadening para-
meter and ' and h are reduced local gain and integrated gain,
respectively. The subscripts and denote variables that do or doS o
not take into account the homogeneous broadening. Corresponding
dimensioned variables are given by:
ggr& vIngo,~ g V0 5 (V-12. 1)
(V-12. 2)1 (o,,z e c alo os
0 r, = 
jrXl04 0 W (V-12. 3)3",:.,m~
The current densities JA and JB are calculated according to different
recombination models as described earlier. In Model A the lifetime
of minority carriers is assumed to be constant, while in Model B
only spontaneous radiative recombination is considered, and the re-
1' -%. (V-11. 6)
. I + rz exp (-In
combination lifetime varies with the injection level. The approximation
for t spont outlined in Section III. 2(iii) (which may be in error by 20%
in some regions) is used in connection with Model B.
The units of g, H,, and J in terms of , h., and a given in
(V-12) depend on temperature, and in the case of H. and J, on the
grading parameter of the junction. The temperature dependence of the
units is both explicit and implicit, through the variation of r'fd , Eg,
N and m* with temperature. Units of g, Hm and JA are shown vs.
temperature in Figs. 53 and 54 for PbSe lasers, for the example of
a = 101 7 cm 3 / and t = 2 nsec.
To obtain the variation of h with , the method described in
Section III. 3(ii) was used to calculate the variation of carrier densities
and quasi-ermi levels near the junction for different values of V
(reduced junction voltage) and W-' (normalized diffusion length). For
each V and I the appropriate integrals of (V-11. 5) and (V-11. 6) were
carried out to obtain h and g.
m
The calculation of hm is complicated by the fact that the gain
I' (u) is a frequency-dependent quantity. For the purpose of this
analysis it is desired to evaluate hm at the frequency Ima x for which
hm is maximum; Ut was taken to be that frequency for which them max
local gain Y (u) was maximum at z = 0. This approximation may be
justified on the basis of the following:
(a) The frequency dependence of the gain oT (u) is largely
independent of the quantity D = 1/2 (Yc- v), although it depend.s sensi-
tively on Y = 1/2(Yc+Yv). This may be appreciated in Figs. 55a and b,
where 0o(u) is plotted vs. u for several values of D and constant Y.
In the case of Fig... 55a (Y= .1) the gain lineshape is seen to be
remarkably constant when D is varied; in Fig. 55b (Y = 5) some deviation
from the rule is noticeable, although primarily for large values of D,
whose contribution to the integral of (V-11. 5) is not substantial.
(b) For the case A = 0 (limit of large p. ort ) the quantity
Y = 1/ 2 (Yc+yv ) does not vary with position near the junction, since
d 9 /dz = dO /dz = 0. This fact, together with (a) implies that the
n p
gain lineshape is approximately constant everywhere, and the inte-
grated gain h (u) has the same frequency dependence as '0 (u).
For positive k this argument is not strictly valid, since Y varies
spatially. However, the largest contributions to the integral of
(V-11. 5) come from the vicinity of z = 0, where the gain is largest,
and at this point it may be readily shown that dY/dz = 0.
The use of the approximation for u outlined above has the
max
effect of slightly underestimating the value of hmo, since it is evalua-
ted here at a frequency other than the frequency of its maximum value.
The error incurred increases with increasing '1 and I .
In order to evaluate the gain h in the presence of Lorentzian
ms
broadening use was also made of the fact that the frequency dependence
of V is approximately independent of position over the region impor-
tant in the calculation of h . The broadened lineshape computed from
m
V o(u, z =0) with the use of (V-4) thus applies approximately throughout
the junction region, and is the same lineshape as that of the integrated
gain hms(u). The effect of broadening on the lineshape of Y (or hm)
may be appreciated in Fig. 56, where Ys(u) is plotted for various
values of s, using ye = yv = 5. As the broadening parameter s is
increased, the maximum value of ' s decreases and shifts to lower
frequencies; for sufficiently large s, ' s becomes negative every-
where. The maximum value of Is (and thus h ms) was obtained
numerically for a series of values of s and Y = 1/2 (ye+ Yc ) . The
results are plotted in Fig. 57, where Y / V is shown vs.5s m"m i omax
S/Y; smax is the maximum value attained by Y s(u) -- even though
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the frequency of the maximum may differ from the frequency of the
maximum of Y (u). The results of Fig. 57 may be used to obtain
plots of h vs. V for any value of the broadening parameter s, since
ms
the graph provides the factor by which h ( V ) is reduced from h
ms mo
(' ) for a given s and Y = 1/2 ) .
The results of the numerical integrations for hmo vs. V1 and
8A and B vs.',V are gitren in Figs. 58a. and b,. for the case X =0.
The results may be combined to form a plot of hmc vs. SA' 9B which
is indicated in Figs. 59a and b. The log-log scale of Fig. 59a demon-
strates clearly regions of sublinear and superlinear behaviour of
hmo vs. 1 Since the units of both hm and are rapidly increasing
functions of T, it may be noted that at high temperatures, values of
h and 5 are small at threshold and thus lie in the region where h
m m
varies superlinearly with ; the converse holds at low temperatures.
The linear scale of Fig. 59b shows that the behaviour of h vs.
may be characterized as having an offset current below which positive
gain is unattainable.
Similar calculation s of hmo ( iV ) and A(•r ) were carried out
for positive values of k . Typical results for the variation of hm and A
with : for constant 1) are shown in. Fig. 60. Except in the resistive
regime of junction behaviour (see Section III. 3(iii)) the results indicate
that lower gain as well as lower current is obtained for a constant V)
as 1 is increased. Examinations of the spatial dependence of V(
indicated that in many cases far from the junction the gain 0 was
negative (which corresponds to the fact that the separation between
quasifermi levels had dropped below the lasing photon energy).
Plots of hm(V
~ 
) vs. A( 1 ' ) for positive 2 have the interesting
feature that they very closely match the corresponding plot for 2 =0.
In effect, the numerical results indicate
This behaviours is shown graphically in Fig. 61, where dark lines
indicate the variation of hm with DA while 'V is kept constant and A
varied; the dotted line was obtained by keeping % constant (at zero)
and varying VT . The result (V-13) has the important simplifying
effect that the curve of hmo vs. ýA of Fig. 59 may be interpreted as a
universal curve, applicable to all values of A . To obtain the thresh-
old current density in the absence of broadening, the results of Fig. 59
may be used together with the equation
Hn (1+6) = WitGJ, % W ,• t VA,) (V-14)
which restates the fact that the mode gain must equal the mode losses
at threshold. Here wt is the equivalent width of the lasing mode, given
endby wt = 0. 6267 w° , and A and A are the distributed mode loss
and equivalent end-loss coefficients for the mode of highest Q.
In this chapter the variation of threshold current density is
calculated for PbSe lasers using as typical examples of the junction
17 -3 17 -3grading parameter the values a = 10 cm and a = 5 x10 cm /
The width wo of the lasing modes at 770K may be obtained for such lasers
by reference to the experimentally measured curve of mode width vs.
x.; the appropriate estimates are shown in Table VII. It is assumed
in this work that the mode width is independent of temperature; this
is reasonable since the variation of wo with output wavelength due to the
change of Eg with temperature is exactly cancelled by the 2 depend-
ence of the dielectric constant change for a given number of carriers.
It neglects, however, the broadening of wo that is expected due to the
increased number of injected carriers as the threshold increases.
This last effect may be taken into account over a narrow range of
A Jth with the use of the analysis of Section IV. 5(iii), at a cost of
considerable difficulty in the graphical solution.
Following Section IV. 4 the mode loss coefficients have the
form
Awl - Ae D - S (V-15)
Values of 4 , and 6 for the lasers considered as examples are
shown in Table VII, where a laser length of 500 has been assumed.
From (V-14)the threshold condition may be expressed as
,,,,(%.,, -r.r <
where ch and c are the units of Hm and J in terms of hm and ,
respectively. In order to obtain the threshold current at a given
temperature, Equation (V-16) and the relation of hmo vs. h of
Fig. 59 were simultaneously solved by graphical methods. It was
found, however, that proper inclusion of the loss term proportional to
kth had a negligible effect on the outcome, so that with little error the
value of Dth may be directly read from Fig. 59.
Results for the two lasers considered as examples are shown in
Fig. 62a where the results obtained with Model A of the recombination
rate are plotted. Model A assumes that the lifetime of carriers is
independent of injection level. In the application of the model it was
further assumed that the value of T is independent of temperature, and
given by 2 nsec. Over much of the temperature range examined, the
variation of Jth is close to a T3 law, in accord with the result of a
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similar, more approximate analysis by Pikus, and also with
12, 24
experimental observations for a number of laser systems. It2, 24
may be shown that a T3 dependence is the high temperature limit of
the present theory if the variation of m::, Eg and N with temperature
is ignored. If minority carriers were confined to a region whose thick-
ness were temperature-independent, then it could be shown that the
high temperature limit of the variation of Jth would follow a T3/2 law,
Thus, qualitatively, a factor of T3 /2 is introduced into the J t(T) rela-
tion on account of the progressive loss of minority carrier confinements
as T is increased.
The behaviour of Jth with junction grading parameter a may be
qualitatively determined from Fig. 62a. At high temperatures Jth is
considerably lower for the laser with the higher value of a; in this
regime minority carriers confinement is very effective in lowering the
threshold current due to the superlinearity of hm vs. J. At low
temperatures, however, the values of Jth are comparable for the
lasers; the analysis in fact, predicts a slightly lower Jth for the slowly
graded laser, on account of the sublinearity of hm vs. J in this regime.
A more precise determination of the variation of Jth with grading
parameter a may be readily carried out with the present analysis. Curves
of Jth vs. a at 77 K and at 10 K are shown in Fig. 63. The results re-
inforce the conclusion that for high temperature operation minority
carrier confinement effects are of great importance, although they are
not at low temperatures.
The behaviour of Jth vs. T for the case where the recombination
rate is evaluated according to Model B(spontaneous radiative transitions
only) is shown in Fig. 62b. The qualitative behaviour of the curves is
the same as for the previous case; however, the calculated values of
Jth are lower due to the assumed higher radiative efficiency. Threshold
1.86
currents increase slightly less rapidly with temperature, due to the
fact that at high temperatures the radiative lifetime is somewhat
larger.
A major discrepancy between the calculated curves of Figs.
62a and b, and experimental results commonly observed is the very
substantial reduction of the predicted J as temperature is lowered
below 20 K; frequently the experimental value of Jth is found to be
nearly temperature independent below 10 to 200 K. It was pointed out
by J. N. Walpole that a possible source of the discrepancy is the neglect
of broadening in the curve of h vs. . Corresponding curves
mo th
of Jth vs. T have been obtained in this work that confirm this hypo-
thesis.
To ob tain the value of Ja in the presence of broadening a method
similar to the graphical solution outlined above was followed, using
calculated curves of h vs.V shown in Fig. 64. These curves were
ms
obtained from the h mo( ) relation found earlier, together with the
curves of Fig. 56 that indicate the effects of broadening for a given
value of S . In connection with the use of Fig. 64 it should be noted
that for a constant value of the broadening linewidth A ~ the value of
s = I %Aw/KT changes with temperature. Graphical interpolation was
used to find the value of 1 necessary to attain a given gain h for a
ms
given s; the estimated accuracy of the results for Jth is 10%.
Results of Jth vs. T for a PbSe laser with a = 5 x 10 17cm
and the parameters listed in Table VII are shown in Fig. 65a for
values, of the Lorentzian linewidth AW. corresponding to 2, 4, and 8
meV. Broadening of the gain shape is found to have the expected effect
of altering the value of Jth substantially more at low temperature than
at high temperature.
A similar effect is produced by increasing the value of the losses
Am and A endused in the model. In Fig. 65b the J -T curve is shown
for a laser with grading parameter a = 5 x 10 cm / 4 obtained by
neglecting broadening of the gain but assuming temperature independent
mode loss coefficients of 100 cm-1 and 150 cm-1
V. 4 Measurements of Threshold Current Density
In order to test the conclusions of the preceding sections, the
behaviour of Jth vs. temperature was measured for several diodes
prepared identically except for their junction depth x.. As detailed
earlier, it is expected that the effective grading parameter a varies
inversely with junction depth for these diodes.
The preparation and contacting of the diodes is described in
Appendix A. In order to measure their threshold current density, the
diodes were mounted on the cold finger of a Janis variable tempera-
ture dewar equipped with a BaF 2 window. Control of the diode tempera-
ture was achieved with a Cryogenics Research Model TC-103 Tempera-
ture Controller . Accurate measurement of the temperature
was made with a copper-constantan thermocouple whose reference
junction was immersed in liquid nitrogen. The diodes were excited by
pulses of current of duration 100 nsec generated with an SKL Model
503A transmission line pulser. Their output was collected over an
F/1. 2 solid angle with a toroidal first-surface mirror and sensed with
a Au doped Ge phtoconductive detector. The value of threshold current
for a diode was obtained at a given temperature by observing the
behaviour of its collected light output vs. the amplitude of the exciting
current pulses. The typical shape of the observed curves of light
output vs. I is shown in Fig. 66. The position of the break in the
curves when plotted in log-log scales was interpreted as the value of
threshold current. To obtain the threshold current density it was
assumed that current flowed uniformly over the cross-section of the
device, and no filamentary behaviour occurred.
The measured values of Jth vs. Tfor diodes B 1 and C1 are shown
in Fig. 67a. The coresponding junction depths for the diodes are 48ta
and 152t& , respectively; if the profile of net donor density of Model III
is assumed, then their effective grading parameters are 0. 41x10 17cm-3 L
for diode BI and a = 1. 30x10 cm /I for diode C1. The length of
the diodes was 560r, within 5% for both devices.
The results show qualitatively many of the features described
earlier; at low temperature the behaviour of the diodes is nearly
equivalent, while at high temperature the most sharply graded diode
has the lowest threshold current density. Above 600K, the two curves
are nearly parallel on the log-log scale, indicating an approximately
constant factor of improvement of about 1. 8 for the diode with the
shallower diffusion.
Quantitative comparison of the relative improvement predicted
by theory and achieved experimentally for diodes B1 and C1 is probably
unjustified, since the threshold current density is sensitive to many
parameters that may differ between the two diodes. Although they
were fabricated from the same slice of starting material, it is possible
that the effective minority carrier recombination lifetime was different
for the two devices. The role of minority carrier confinement effects
is evident, however, from the different temperature dependences of Jth
for the diodes.
Both diodes display the feature that Jth is relatively independent
of temperature below 15 K, and thus disagree with the theo'ietical loss
values. In Fig. 67b the predicted curves which take broadening into
account are shown for comparison with the experimental curves. The
theoretical curve based on A•)A = 8 meV is in remarkably close
coincidence with the experimental variation of diode Bi. This agree-
ment is probably fortuitous, since the grading parameter a used to
17 -3
obtain the curves has the value 5 x 10 cm /-3 , while on the17-3
basis of Model III the value of a for diode B1 was 0.41 x 1017 cm -3.
The analysis of threshold current density based on donor profile
Models I and II has not been carried out; it is possible that similar
Jth-T curves would result, except that the effective grading para-
meters a should be calculated differently than required by the assump-
tion of Model III. In any case, the agreement suggests the fact that
for these diodes a broadening mechanism is effective which is char-
acterized by a linewidth of 4 to 8 meV. This linewidth is in agree-
ment with the number used earlier to compute the broadening of the
absorption edge; however, it is somewhat larger than values estimated
on the basis of the lifetime of states lying very near the bandedge. The
detailed course of the broadening is thus unknown. It is possible that
good fits to the experimental Jth- T curves may be obtained by con-
sidering somewhat smaller linewidths, but substantially larger mode
loss coefficients as described earlier. Such detailed fits were not
carried out in this work.
The very reasonable agreement between theoretical values of
Jth and the observed results supports the fact that the analysis of Section
V. 3 contains most elements necessary for the consideration of the diodes
fabricated in this study. It further indicates that if filaments formed in
the junction region their size was of the order of magnitude of the laser
width (which was near 200/A. for lasers B1 and CI).
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TABLE VII
DIODE PARAMETERS USED FOR
THE CALCULATION OF Jth
Diode 1 Diode 2
a(cm -3/ 1017
10
500
0( (cm-1)
cm- /Acm - )
(cm - 1)
7.36
1.43 x 10 -
15. 3
5 x 1017
5.8
500
21. 34
2.36.to
15. 3
2 2e (nsec)
rec
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CHAPTER VI
SUMMARY AND CONCLUSIONS
In this thesis the spatial distribution of both the lasing mode
intensity and the injected minority carrier density in the vicinity of
the junctions of diffused PbSe homostructure lasers has been investi-
gated. The theoretical results have shown that both distributions
depend strongly on the grading of the net donor-acceptor density
profile near the junction. As part of the experimental work this
dependence was demonstrated explicitly for the optical mode distri-
bution; for the case of minority carrier distribution the dependence
was strongly suggested by the different variation of Jth with tempera-
ture for differently graded diodes.
Very detailed analysis of the confinement effects is complicated
by the fact that the profile of stoichiometry obtained with p into n
diffusions is imperfectly known. However, the theoretical treatement
of Chapters III and IV based on reasonable models of the profile has
shown that the relative amount of confinement of both variables that
can be achieved in PbSe is considerably larger than in the case of
GaAs or other wide bandgap semiconductor lasers. The optical
confinement effect is enhanced in PbSe because of the low frequency
of lasing, which in turn leads to strong variation of the dielectric con-
stant with carrier density, and also by the low value of the density of
states at the bandedge for PbSe, which leads to large Burstein, ShiftS.
The minority carrier confinement effect is sizeable in PbSe
also because of the low bandedge density of states.
The detailed model of the dielectric constant variation near the
junction has led to reasonable agreement between theoretical and experi-
mental mode widths. It may be expected, therefore, that other results
of the model presented in this thesis, including free carrier losses,
end-losses and mode-spacings represent reasonable estimates of
parameters not yet measured in PbSe lasers.
Qualitatively the confinement effects obtainable in other lead
salt lasers should be similar to those observed in PbSe. In many
cases the analysis contained in this work is directly applicable to any
semiconductor system with nearly equal electfon and hole masses.
This extendability has been made possible by the use of dimension-
less variables whenever feasible in the numerical calculations. Of
particular importance should be the calculation of threshold current
density, since in the high temperature regime the expression commonly
used is inaccurate for the lead salts.
Specific conclusions emerge from the calculation of confinement
effects that apply to the fabrication of devices with low values of
threshold current. For the regime of junction depths (and hence
junction grading parameters) considered here, it is found the most
sharply graded junctions have the lowest value of threshold current
density at high temperature. Thus, for example, devices fabricated
on the basis of n into p diffusions with reasonably large junction depths
in PbSe are not expected to perform well at high temperature. It may
be noted, in addition, that according to Section V. 3 devices optimized
for low temperature performance may not be optional at higher
temperatures.
If the junction grading parameter is very high (such as might be
obtained, for example, in a nearly abrupt junction fabricated by evap-
oration techniques) the conclusion stated in the last paragraph is no
longer valid, however. For such a case the dielectric constant
gradients exist only over a narrow region near the junction; the
optical mode will "spill-over" into the homogeneously doped regions
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adjacent to the junction where there is no confining dielectric constant
gradient. The limitations on the mode width in the case of very
rapidly graded junctions may be examined with the aid of Model B of
Appendix D. A similar effect occurs for the minority carrier con-
finement. If the junction is not linearly graded over the entire region
of interest next to the junction, then minority carriers may diffuse
into the ungraded regions and recombine there; for very narrow
regions of junction grading this unconfined current component may
dominate the total junction current.
Appreciation of the large change in dielectric constant due to
the effect of carriers is important for the design of heterostructure
lasers, since the wider-bandgap semiconductors that clad the active
region must be chosen so the dielectric constant discontinuities are
not eliminated by the effects of injected carriers at the temperature
of interest.
An additional aspect of the work of potential interest in the
development of improved lead salt lasers is the method used for the
measurement of the minority carrier recombination lifetime, which
should be readily extendable to other systems. It was found in this
work that the internal quantum efficiency of radiative recombination
was law in the lasers fabricated. Similar studies on lasers produced
with different techniques might lead to identification of the causes of
this low efficiency.
APPENDIX A
LASER FABRICATION PROCEDURES
The procedures followed in this work with regard to PbSe
handling and processing often closely paralled and made use of
facilities established for other research efforts performed in this
laboratory, including those of Guldi, MVicildullin, Tomasetta and St.
Onge. Additional techniques, particularly with regard to contacting,
and mounting diodes, were adopted following suggestions from
J. N. Walpole and A. R. Calawa of Lincoln Laboratory, M. I. T.
The starting material used for diode fabrication was grown from
the melt by the Bridgman method by MVI. Lichtensteiger of the Metall-
urgy Department, M. I. T. As-grown material was p type with hole
18 19 -3density in the range 10 - 10 cm . Portions of the boule, par-
ticularly the periphery and tail, had numerous voids and inclusions;
the portions used in this work in general had less than one inclusion
per cm2 and no voids, however. Small angle grain boundaries re-
vealted by prolonged etching in Coates' etch (10 parts KOH satuated
solution in water, 10 parts ethylene glycol, 1 part H202) were also
present in the material. The size of the grains enclosed by these
boundaries was typically several mm. in each dimension (such that
the probability was high than an individual laser was free of these
defects). The dislocation density was believed to be of the order of
7 -210 cm . Additional defects believed to be present in the material
were microprecipitates of Se, formed within the crystal during cooling
from the growth temperature due to the retrograde solubility of Se
in PbSe. Spectroscopic analysis of a similarly grown boule yielded
the following impurity concentrations: Mg and Si (i -10ppm), Cu,
Ca and Fe (. 3 -3ppm), Ag (. 1 -Ippm).
Slices approximately 40 mils thick were cut from the boule by
means of a string saw using a slurry with silicon carbide size 600
grit. The same saw was used to cut the slice into slabs of dimensions
near 1 cm x 1. 5 cm. The orientation of the slices was not accurately
determined; in some cases it was slightly misaligned from a (110) face
while in others it was slightly off a (100) face.
Both faces of the slab were then lapped and polished. In order
to eliminate damaged material, 10 mils was removed from each face.
Lapping was done with alumina grit of sizes 9 p. , 51m and 2 1
at successive stages on a glass lapping block. Polishing was done
with a combination of abrasion and chemical etching. Samples were
first polished on Pellon paper on a glass block using an etch made by
-3dissolving approximately 1 cm of Cr03 , in 100 ml of water; sub-
sequently they were polished on Beuhler AB Microcloth using the same
etch and . 31A alumina grit until the surfaces appeared damage free
under microscope observation.
As described in Section II-3, the preparation of the laser junctions
required 2 anneals: during the 1st, anneal N, substrates were uniformly
saturated with Pb and became uniformly n type; in the 2nd, anneal P,
the surfaces were saturated with Se, converting them to p type and
creating junctions within the crystal.
Both anneals were done following the isothermal anneal techniques
described by A. R. Calawa et. al. 28 Substrates were placed on the
shelf of a quartz ampoule of the type used in Reference 28, while
below the shelf was placed an amount of (Pb, PbSe) powder or
(Se-, PbSe) powder whose volume was greater than that of the sub-
strates. The ampoules were placed in a furnace inside which the
temperature was uniformly 5000C. According to this technique the
powder at the anneal temperature becomes a solid-liquid mixture and
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establishes vapor pressure of all species inside the ampoule. The
substrate surface is brought into equilibrium with the mixture via
the vapor phase.
The (Pb, PbSe) and (Se-PbSe) powders were prepared by
reacting the elements with an oxyhydrogen torch after placing them
in an evaculated quartz ampoule. The mixture was then homogenized
by placing it in a furnace set at 1200 0 C (which is above the PbSe
melting temperature) for a period of one hour. The amount of each
element to be reacted was weighed out to be 52 atomic percent Pb,
48% Se for the (Pb, PbSe) powder and 48% Pb, 52% Se for the (Se,
PbSe) powder.
Prior to both anneal N and P, the quarz ampoules were cleaned
with soap and water, etching in aqua regiaand heating to 800 0 C for
over one hour under high vacuum. The substrates were cleaned by
swabbing with a cotton-tipped Q-tip under hot acetone, boiling in
acetone, trichloroethylene and methanol, etching for one minute in a
5% HNO 3 solution followed by a distilled water rinse, and finally
boiling in methanol followed by flowing dry with N 2.
Anneal N lasted 90 days. This time is in excess of the period
estimated to be necessary to convert the entire sl.abs to n type con-
ductivity on the basis of the work of Calawa, et. al. 28
After anneal N, one surface of the sample was lapped and polished
again because of the occurence of slight thermal etching. During the
lapping, care was taken to obtain flat substrates with parallel faces.
Anneal P lasted a carefully controlled short time, calculated
on the basis of the data of (References 28 and 29) in order to achieve
the desired junction depth. The anneal was terminated by rapid quench-
ing of the ampoule in water in order to avoid internal precipitation of
Se near the surface.
211J
After anneal p substrates had p layers covering both top and
bottom surfaces. The unpolished surface p layer was lapped off with
2)w alumina grit, leaving slabs of thickness 8 mils with a single p-n
junction.
These slabs were then metallized to provide ohmic contacts.
The n side was first covered with an evaporated layer of In of thick-
ness approximately 3000 Ao. The p side was plated with a thin layer
of gold. Subsequently each side was plated with a thickness (approx-
imately 1 mil) layer of In to facilitate bonding. With this scheme,
-3 2
contact resistances of the order of . 2.L for a diode area of 10 cm
were achieved. On the basis of work at Lincoln Laboratory it is
believed that most of the resistance is obtained at the p contact. 44
Bars of 1 mm width were cut from the slabs with a string saw.
Sides of the bars along their long dimension were then polished to
provide front and back morror facets of the lasers. In order to mount
the thin bars for polishing, they were fitted between two slices of Si
scrap material which had well-formed square edges; all these struc-
tures were waxed to each other and to the polishing block with Crystal-
bond 509 wax. The lapping and polishing procedures used were identical
to those described earlier, except that the final step was abbrieviated
in order to avoid rounding of the mirror facets. The flatness and
perfection of the mirror facets obtainable in this way is visible in
Fig. 68, where the front face of a completed diode is viewed with an
interferometric microscope at a wavelength of 5892 a. A major draw-
back of this fabrication scheme, however, is the difficulty of obtaining
mirror facets accurately parallel to one another and normal to the
plane of the junction. By viewing the reflection of a He-Ne laser beam
off the front and back surfaces of the polished bars, it was found that
the angles of misalignment in the x-z plane of front and back facets
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of the lasers used in this study ranged between 10' and 45' of arc. It
is likely that these values also are indicative of the misalignment
between the mirror normals and the junction plane.
Mirror facets may also be produced by cleaving the PbSe slabs,
which readily break along 100 planes. Accurate orientation of the
junction plane is, of course, then required to produce good lasers.
The lasers of this work were produced with polished facets because
the small steps unavoidably present on cleaved surfaces were found
to cause irregular far-field patterns in lasers fabricated by cleaving.
This is consistent with and was motivated by the results found by
J. N. Walpole concerning the improved output power of Pb salt lasers
when their facets are polished. 13
A string saw was used to cut individual lasers of width approxi-
mately 8 mils from the polished bars. The sawed sidewalls of the
diodes were left unpolished and unetched.
Diodes were mounted on oxygen-free high conductivity copper
blocks which served as heat sinks by In cold-compressing bonding.
In order to carry this out, the Cu blocks were first plated with approxi-
mately 1 mil of In in the region where the diode was to be mounted.
To produce the bond, a drop of HC1 was placed on the In cladded heat-
sink surface, the diode was put in its proper location and uniform
pressure of approximately 10 atmospheres was applied to the diode for
30 minutes.
Diodes were mounted overhanging very slightly the edge of the
Cu heatsink in order to avoid reflections of the laser light from the
copper surface. Such reflections are known to cause interference
patterns in the far field of the laser output.
Electrical connection to the remaining diode contact was made
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with a 3 mil Au wire previously bonded to an insulated post attached
to the heat sink. A 5 mil diameter In ball was attached to the tip of
the Au wire and the structure was then soldered to the In coated diode
surface with a soldering iron whose tip was extended by a 15 mil Au
wire.
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FI:GURE 68: INTERFERENCE MICROPHOTOGRAPH
OF A TYPICAL--PoLISHED MIRROR FACET
4AVELENGTH OF ILLUM:NATI:G RADIATION: 5892 A
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APPENDIX B
BAND MODEL FOR PbSe
PbSe crystallizes in the rocksalt (f. c. c. ) structure. Extrema
of the conduction and valence bands are known to lie at the L points
of the Bi'illouin zone, and thus exhibit 4-fold degeneracy. The con-
duction and valence bands of PbSe, as those of other narrow gap
semiconductors, display substantial nonparabolicity. As a result,
values of effective mass and interband momentum matrix element
vary with k over the region of interest of the Brillouin zone; the
density of states in energy function and the fermi-level variation with
carrier concentration also have complex forms. In this chapter an
approximate model of the conduction and valence band dispersion is
described, and functions useful in the rest of this work are derived
from it. Work reported in this chapter has been taken from the
literature, with some simplifications introduced where appropriate.
First principles calculations of the band structure (obtained
with the APW method) are available for all the lead chalcogenides. 1 1
7 1 1 9
These show that the k. p model most appropriate to the lead salts takes
into account the interaction at the L points of 6 relatively closely
spaced bands near the fermi level. The bands emerge from the s and
p shells of Pb and Se; their energies are known to be strongly influenced
by relativistic corrections and spin-orbit splitting. It is believed that
the most accurate set of matrix elements and band separations avail-
able at present are those given by Bernick, 56 who using orderings
given by the earlier work, adjusted pseudopotentials to fit a variety
of data. Martinez has further demonstrated that a k. p model using
the numerical values of Bernick is capable of giving good agreement
120
with experimental results in PbSnSe alloys. The matrix elements
and band separations do not differ significantly from those obtained from
216
first principles by Rabii.
When the k. p. matrix corresponding to the interactions of the
six bands is solved (using perturbation theory to account for the
far-band effects), the following general dispersion relation is derived,
in the coordinate system of one L point:
Here P .and P are the longitudinal and transverse momentum matrix
elements between the extremal valence and conduction•bandsand
mt- and m represent the contribution of the more distant bands.
Band parameters obtained by Bernick, as well as those of
several other authors, are reported in terms of the notational scheme
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of Mitchell and Wallis. Their relation to the parameters defined
in (B-I) is given by
_ _ (.os wse'P - cose- .. + .iZ
mM-
m- (f•n ( -6) (B-2)
2 =•C9osths..F'F1I.- Sin &+CoSe' .) "
P,' - (cos e ws "P, + si~ e+str- Pa,)1
P = I( (PI' cos 9+stv0 PSI s,1t% eS~
The parameters used and the results obtained from (B-2) are shown
in Table Villa. In Table VIIIb are given the values of band edge
effective masses obtained from the model and for comparison experi-
mental values obtained by Cuff, et. al. at 4. 2 K. 121
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A major simplification of the band model is introduced in this
work. Based on the closeness of measured and predicted mass values
for conduction and valence bands, it is assumed that the bands are
in fact completely symmetric. A similar approximation is made by
122Mielngailis et. al. In terms of the model it is assumed
Ot 
-t
With this approximation resulting expressions for quantities of interest
are rendered a great deal simpler, and approach the form of results
of the Kane 2-band model. The dispersion relation for the conduction
and valence bands is given by
where terms of the order of k4, known to be negligible for attainable
carrier concentrations, have been dropped from the r.h. s. Here E
denotes the energy of electron states measured from midgap.
For this model, the band edge mass values are given by:
t t (B - 5)
and the conductivity effective mass is
m mN  2Fro, t(B-6)o (B-6)
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The density of states per unit energy and volume in a band (spin
degeneracy included) is given by
where E is measured with respect to the band edge, and M v is a
factor to take into account the number of equivalent extrema of the
band. This is readily found by using
which makes use of the fact that constant energy surfaces are
ellipsoidal. A similar technique allows ready evaluation of the
reduced density of states employed in Chapter IV-2 for valence-
conduction band transitions. Using 1 = E (k)- E v(k) = 2E(k)
as defined in (B-4), the reduced density of states per unit energy
and volume for a single valley and spin is
qet4S Eg
The variation with k of the momentum matrix element connec-
ting conduction and valence band states at a given k has been con-
120
sidered by Martinez. It is shown that negligible error is incurred
by assuming a constant matrix element over the occupied Brillouin
19 -3
zone up to carrier concentrations of 10 cm
The values of band parameters at various temperatures have
2 t bbeen obtained on the following basis: values of P, P2 , mt and mt
have been assumed temperature independent, and given by the values
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of Bernick for 0 K. The temperature dependence of the energy gap
(taken from Ref. 96) has been properly taken into account.
The directionally averaged conductivity effective mass, given
by
U (B-10)
as evaluated within the quasi-two-band model is shown vs. energy
at 770K in Fig. 25. The dependence of carrier concentration on
fermi-level at 77 K (equal for holes and electrons within th is model)
is shown in Fig. 69. This curve has been obtained by numerical
evaluation of
(B-I 1)
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IIGURE 69: CALCULATED VARIATION OF CARRIER
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LONCENTRATION WITH FERMI ENERGY FOR PBSE AT 770 K
TABLE VIII
a. PARAMETERS OF k.p VODEL FOR PbSe
(atomic units)
+ -
sin = -. 138 P1 37 = 012
cos 9 . 990 P1 = .708 .089
sin 0 = . 573 P31 .677 . 13131 3
cos = .819 P .263 = -. 14421 2
P 2 2 = .431 -. 13922 3
b. CALCULATED AND MEASURED VALUES
OF THE BANDEDGE EFFECTIVE MASS (u0K)
(units of m)
Calculated Measured r
t
m .0373 .034 + .007v
t
m .0382 .04 + .008
c
m .0693 .068 + .015
V
m .0641 .,07 + .015
c
r = Reference 121
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APPENDIX C
MANY-BODY EFFECTS ON THE
ABSORPTION EDGE OF PbSe
(i) Introduction
The calculation of the interband dielectric constant contribution
detailed in Section IV. 2 is based on the single-electron-state picture
of the behaviour of a solid, and it assumes that the electron states
remain unchanged when vacancies and free carriers are added to the
material. Further, it ignores the effects of lattice vibrations on the
interband dielectric constant. In this appendix corrections to the
calculations are considered.
In a PbSe crystal in which a substantial number of vacancies and
free carriers are present, perturbations to the single electron states
of the following typ es should be considered:
(a) Co.ulomb and core potential interactions with the vacancy
centers.
(b) Coulomb interactions with the electron sea (assuming n type
material).
(c) Acoustic and optical deformation potential interactions with
phonons, and coulomb interaction with the LO phonon branch.
(d) Coulomb interaction of the electron-hole pair participating
in a transition.
Detailed calculation of the dielectric constant taking simultaneous account
of these perturbations is a very difficult task, and will not be attempted.
Semiquantitative discussion of most of the interactions is given in what
follows.
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(ii) Defect Center Effects
Only the contribution of the Coulomb portion of the defect potential
will be treated in this section; no adequate model exists to date of the
core potential interaction appropriate to vacancies in the lead salts.
Effects of the Coulomb interaction have been widely studied in the
literature. It is known that in GaAs they are responsible for the forma-
tion of impurity states, impurity bands and band tails (extending up to
80 meV into the gap) in different regimes of defect center density. 113
The interaction of free electrons and defects does not allow energy
transfer between the particles, and is shielded by the lattice as well
123
as the fermi sea. The matrix element for electron scattering with
momentum transfer q from a single defect center is given (neglecting
nonparabolicity) by
esT+e1 ' p?(,toz) (C-I)
Here J is the volume of crystal considered, e s is the static di-
electric constant and P(q, w) is the electron-intraband hole pair propa-
gator for the fermi sea. An adequate approximation to P(q, w) in many
cases is given by the Fermi- Thomas result
P( =0 o) = N(S) (c-2)
where N( f) is the density of states per unit energy and volume
evaluated at the fermi surface (a degenerate semiconductor is assumed).
Wolff has demonstrated that the effects of a random distribution
of vacancies on electron states high above the bandedge are adequately
treated by lowest order perturbation theory in highly degenerate semi-
conductors (although near the bottom of the band higher order correc-
123
tions are necessary). In the other extreme, the theory of Halperin
and Lax is widely accepted as an adequate treatment of the states per-
124
turbed far into the gap by the defect potentials (bandtails). These
two limits will be examined here.
According to Wolff, within the regime of the validity of per-
turbation theory, the contribution to electron self-energies produced
by the defect centers is given by
wn R,"e"*n O
'Ss )04, -p"+ZiQ s ' (C-3)
Here W is the electron energy variable, n is the density of electrons
present and Oqis the Fermi-Thomas screening wavevector. Typical
(real) energy level shifts may be obtained by evaluating the real part
of this expression at o = p2/2m*, which gives approximately
A E+ - (C-4)
where ý is a dimensionless parameter that describes the strength
of the electron-defect center interactions, given by
r i(C-5)
Expression (C-4), evaluated with material parameters typical of PbSe
at 00K, gives AaE = 0. 17 meV for p = k rm and AE = 0. 32 meV for
fe rm.318 -3p = 1/2 k fermi for 10 cm carriers and vacancies. These energies
are negligible on the scale of interest in calculating ARe 6 c The
material parameters used for PbSe at 0°Ktcontaining 1 018 cmCV-3
material parameters used for PbSe at 00 K containing" iU cm
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carriers are shown in Table IX; other derived quantities, including
and Q are also shown.
Wolff's expression additionally provides the imaginary self-
123
energy, a quantity that may be related to the electron effective
lifetime and to the effective spread in k space of a state (and thus is
a measure of the extent of non-k conservation in transitions between
bands). The spectral density function A(p, 0 ) may be found from
the above expression through the relations
It is given by
where Y is the dimensionless energ y / EQs, is the dimension-
less momentum p/Qs and E = h2Q / 2m*.
s Qs s
Typical lineshapes of quasiparticle states obtained from expression
(C-7) are shown in Fig. 70, where carrier and vacanty densities of
18 -3
10 cm have again been assumed. Typical values of the energy line-
widty are found to be . 3 to . 5 Eg or 0. 8 to 1. 3 meV. The smallness of
these values indicates that quasiparticle states are very well defined,
and that k conservation should be an excellent approximation in highly
doped PbSe at low temperatures.
The theory of Halperin and Lax yields the expression
t Ek(C -8)
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for the density of states in the tal,where . and Y are the same
dimensionless parameters as in the theory of Wolff, and a(z) and
b(z) are functions supplied by Ref. 124. The density of states has
been evaluated here for PbSe at 0 and 77 K for 1018 m-3 and
17 -310 cm carriers and vacancies as typical examples; the results are
shown in Fig. 71. For the latter case the criterion of linear screening
of the HL theory is not strictly valid, however. The static value of
the dielectric constant was used. Rigid shifts in energy of the bands
have been ignored, since these apply to both conduction and valence
bands; for the symmetric bands of PbSe, the effect of the shifts on
the energy gap is identically zero. From the graphs, bandtails are
found to extend less than 1 meV into the bandgap of PbSe, and they
contain fewer than 10 b states per cm3 . Thus their effects may be
safely neglected for this range of doping. Self-consistently, the value
of Q used in the calculation (which neglects bandtailing) is shown to be
appropriate.
In discussions of the GaAs heavily doped with acceptors it is
conventional to assume that the localized wavefunctionsof the tail have
approximately the size and shape of the shallow acceptor states
f acc (r) determined by the use of effective mass theory. Within this
124
approximation the spectral density A(p, W) is given by
-- (W) ( I+ kO ( C-9)
where a is the value of the Bohr radius in the semiconductor. Equiva-
lently, in the evaluation of the Interband dielectric constant the local iza-
tion of the states may be taken into account by assuming that the matrix
element connecting valence band tail states and the (unperturbed)
conduction band state k is
c
X . a + (C-10)
When (C-10) is used in the calculation of 6 near the bandedge
of heavily doped GaAs it is found that the change in the deznomingtor
over the energy range of interest is slight. For example, k a=1
c
is not satisfied till E = 25meV. With this fact in mind it is fre-
c
quently assumed that k conservation is totally invalid, and each
valence band state couples to each conduction band state with the same
matrix element. An equivalent calculatlon for PbSe yields the result
k a = 1 for E = 0. 09 meV. Thus it is clear that the same justification
c c
of the violation of k conservation is not effective in PbSe.
(iii) Exchange Energy Shifts
Interactions between electrons and the fermi sea have been
studied at length using the techniques of many-body theory. 125, 126
18 -3
In moderately doped PbSe (10 cm ) at low temperature it may be
shown that a "high-density" (rs less than 1) electron gas is established.
Wolff has shown that under such conditions one of the major effects of
the electron-electron interaction is to produce a shift in the effective
electron energy levels. 123 This shift is approximately equal for each
state, and is primarily due to the exchange interaction between elec-
trons (long known to be the source of binding for high density electron
gases).
The evaluation of the exchange energy shift for PbSe is not
direct because of the energy dependence of the dielectric constant(which
must be included in the calculation to describe the shielding of the
Coulomb interaction between electrons). Part of this energy dependence
occurs because the resonance of the lattice polarization takes place
228
in the energy range of interest. An approximate calculation is given
here m which proper account is taken of the lattice.
The new system under consideration is assumed to consist of
conduction band electrons in 4 pockets in k space interacting via
Coulomb forces, background positive charge to achieve neutrality
and longitudinal optical phonons that interact with the electrons via
the Frohlich interaction. Its Hamiltonian is written:
where V corresponds to the bare Frohlich interaction:
AZ roeI(fA (C-1l)
and
(C-1'2)
We wish to analyze the effects of including the last two terms.
If the last terms are evaluated in lowest order perturbation
theory for an electron state at k=O in the noninteracting ground state,
the resulting energy shifts are well-known to be the following:
(a) Electron-electron term:
AE - -V L O .W1 0" (c-13)
where
4 Me 3 
This is just the exchange energy of an electron at k=0. We note that
the conventional parameter rs is evaluated in (C-14) for a medium of
dielectric constant CM and with a carrier density corresponding to
the population of just one valley.
(b) Electron-phonon term: Provided that the fermi energy is
small with respect to the optical phonon energy, the result is the
polaron binding energy given by
A ... 0 u(C-15)
These lowest-order results fail to take into account phenomena
that seem important for the calculation, among them:
(a) modification of the dielectric constant at low frequencies from
coto C static' which would profoundly affect the electron-electron
interaction result;
(b) decrease of the electron-phonon interaction strength due to
shielding by free carriers;
(c) change of the optical phonon frequency due to shielding.
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Formalism of time-dependent field theory may be invoked to
obtain more exact results. Following standard many-body practice,
the electron-phonon interaction in (C-10) may be properly taken into
account by considering an equivalent (bare) interaction between elec-
trons mediated by the phonons. The (time-dependent) equivalent
electron-electron interaction potential is:127,128
V ph (vo 12 0(%OW1 (C- 6)
where
DCOLo ý=O+
(C-17)
D(q,w) is the T=0 phonon propagator. The (bare) interaction between
electrons is written (as in (C-10)):
all 61 (C-18)
It has been shown that when both interactions (C-16) and (C-18) are
present, it is sufficient to consider a single (dressed) interaction
potential between electrons, given by
128 130
V a ( 4 Sw ) =-v t ( , , . W ) + - - o ft ( C -1 9 )
P(q, to) denotes the net electronic polarization propagator. The 4
distinct valleys are taken into account by writing
p(p.w')~I Rjv$,o) - (C-20)
The dressed interaction of (C-19) contains terms of di.rect perturbation
theory to all orders.
With algebraic manipulation, (C-19) may be reexpressed in the
following way:
I t ___ ___ _(AS O)Vbt 4IL )
Ca)TO
(c-21)
4 W1We¶111s
(C-22)
The relation (C-21) suggests that the present formalism includes
properly the elements we wished to take into account (i. e., lattice
dispersion).
written
Further albegraic manipulation allows (C-19) to be re-
V t ) u0c .w) + U V , W() (C-23)
here Uc(q, We) is the screened Coulomb interaction between electrons
given by
L4.~ate?
2b~dL ~o I-~P,.p .ntm,
(C-24)
where
UC~l~w)..
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and U (q, w) is the screened phonon-induced interaction defined by
U plI (C-2o)(V±ulPC~a4 isco).41T
The propagator D" (q, w) is defined by
Dc - (C-26)
and f q is the renormalized longitudinal optical phonon frequency
which satisfie.s
2.
otD
Ci~ L~ P~tIt
TIOIpp.L
PCn (C-27)
(C-27) is very reminiscent of the Lyddane-Sachs-Teller relation which
applies in materials in the absence of carriers. The screening of the
LO phonon near k=O indicated by (C-27) is well-known theoretically and
experimentally.
Within the Green's functionformalism,
of an electron may be evaluated by127
the self energy
IL -PC
The first term in an expansion in powers of V is given by
§o
kZ -a ~c y,-) G (C-29)
1. (p, W)
(C-28)
?n
-~--a--
wl-ai,;b
Here G(p, w) is the electron Green's function in the interacting system,
given by
and G is the corresponding function in the absence of interactions
In this appendix the approximation (C-29) is used to find the self-energy,
For simplicity, 7 is evaluated for p=O only. The form of Vtot(q, w)
indicated in (C-23) is convenient to use in the integration. From this
expression it may be seen that two contributions to the self-energy
must be considered: one arising from the screened electron-electron
interaction, and one from a Frohlich-type interaction involving screened
phonons.
Wolff has demonstrated that to order r the contribution to
of the screened Coulomb interaction is just l3
W) 00--- 21(C-32)
This is the same result found in the absence of phonons and screening.
It may be noted that r5 less than unity is obtained for carrier densities
16 -3
greater than 5x10 cm for PbSe.
To find the self-energy term contributed by the phonons, the
integration indicated in (C-29) has been carried out, with the use of
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additional approximations:
(a) The screening-induced phonon dispersion is ignored, and
X.1C is taken to be equal to WA for all q. Although this appears very
drastic, numerical estimates of the integralwith the full expression
for AC. indicate that little error is made with the approximation.
(b) The electronic polarization propagator is approximated by
the Fermi-Thomas result. It has been argued that this is valid if
128
Cp w o W 0t
(c) The energy of a quasiparticle with p=O is taken to be
Z (p= 0, a==0) instead of the proper result given by the solution to
w = 1 (o,IP). This approximation is valid if 2 (o, W)varies slowly
with w.
With these approximations, the integral becomes
which yields
Re (Ir I
-I 2. 24t Ps 1 (C-34)
where x2 h /E andy2= Ef/E. The expression (C-34) contains
a logarythmic singularity for the carrier concentration that makes the
fermi energy coincide with the optical phonon singularity. It is known
from similar calculations that the quasi particle energy corresponding
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tod such carrier concentrations does not grow without bound; the
expression W = : (o, o) is no longer valid, however, and solutions of
w = I (o, to) must be obtained explicitly. 131 This refinement was
omitted in this work.
The results obtained for c, ph and c + rh for PbSe
at 00K are shown vs. carrier concentration in Fig. 72. The dashed
line is a smoother interpolated curve covering the region where I P
is unknown due to the logarythmic singularity mentioned earlier. It
17 -3
should be noted that for carrier concentrations below 10 cm the
approximation is W p,* is not valid. The calculated curve,
however, seems physically reasonable since it extrapolates to the
polaron binding energy -QtU) properly at very low carrier
concentrations.
The curve of Fig. 72 indicates that at high carrier densities
the exchange energy shift approaches the value indicated by the well-
known expression (C-13), in which the dielectric constant is given
17 18 -3by .o In the region of 10 - 10 cm carriers of interest for
PbSe lasers, however, the change in the exchange energy shift is
slight.
The numerous approximations made in this analysis have elimina-
ted many physical effects from the problem. For example, in a
certain range of carrier concentration it is known that the ground state
of the system described by (C-10) is superconducting. It is nonetheless
believed that the results are representative of the effects of interest
for PbSe injection lasers.
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(iv) Indirect Absorption Effect
In the preceding discussion only the contribution of optical
phonons to the real part of the self-energy were considered, and only
at T= 0 K. The consideration of Im I (p, w) and thermal phonon
effects is known to lead to additional changes in the behavior of c
cv
near the band edge. One major contribution of this type is the process
of indirect absorption, whereby a photon and one or more phonons are
simultaneously absorbed in the valence-conduction band transition.
This process allows photons of energy less than the bandgap to be
absorbed, and may contribute importantly to the shape of the absorp-
tion edge in PbSe. It has been postulated that the Urbach-type edge
observed in lead salts is due to optical phonon-assisted indirect
absorption. 81 Since the absorption tails extend far below the frequency
of the bandgap, an adequate treatment of the effect must include multi-
phonon processes. Dunn 1 3 2 and MViahan 133 have shown that when
phonon-assisted processes of all orders are considered, absorption
coefficients with approximately exponential variation with frequency
result; their analysis is not directly applicable to PbSe, however,
since they consider only crude models of the conduction and valence
bands, and omit the effect of carriers on the strength and k dependence
of the electron-phonon coupling. No more refined calculation is
attempted here. The experimental evidence concerning the absorption
edge of lead salts reviewed in Section IV. 2(ii) suggests that the
characteristic energy Es of the tail in PbSe is near 3 meV at 770K,
which is adequately taken into account by the homogeneous brodening.
The similarity of shape of the predicted tails is evident in Fig. 73,
where an appropriate broadened parabolic absorption edge (with no
carriers present) is compared with the exponential edge shape, using
parameters approximately applicable to PbSe at 77 K.
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Potentially important for lead salt lasers are mode losses due
to indirect absorption at the lasing frequency. The burstein shift
has the effect of eliminating interband absorption near the bandgap in
material that is degeneratley doped; at fininte temperature, however,
the phonon-assisted processes counteract the effect of this shift, and
might lead to appreciable absorption coefficients at the bandgap in
unpumped material. No proper calculation of this absorption is
available in the literature. It is taken into account in this work again
by the ad hoc assumption of homogeneous broadening, which, as
demonstrated in Chapter V, considerably reduces the gain at a given
frequency for large enough values of AW . The most appropriate
value of AW@ as a function of temperature and carrier concentration is
not known, however.
(v) Lifetime Effects
In many cases the imaginary part of the self-energy I (p, w)
varies slowly with w for constant p, and for such cases it is adequately
taken into account by a quasiparticle lifetime % (which varies, in
general, with p and thus with E = p2/ 2m. It is of interest to detmine
the most appropriate value of Z for use in the calculations ofp
e interband '
Several different regimes of quasiparticle energy and carrier con-
centration must be considered. For the calculation of Im S at the
lasing frequency (i. e., the mode gain), states very near the bandedge
are important. Furthermore, the largest contributions to the net gain
come from regions where the carrier quasifermi levels are near the
bandedge. Thus typical states to be considered are those shown in
the diagram of Fig. 74a. Scattering events with the emission of
optical phonons and plasmons are not allowed in this case; important
scattering mechanisms are expected to be acoustic phonon scattering,
238
defect scattering and scattering with the absorption of optical phonons.
An approximate figure for the quasiparticle lifetime may be obtained
from the momentum relaxation time t that is inferred from DC
rel
mobility measurements; using a value of mobility at 770K of 20, 000
cm2 /Vsec, the lifetime is found to be
e (C-35)
or h/t' = 1. 15 meV. Calculations by Ravich et. al. 134 have led to
the conclustion that at 770K the lifetime is dominated by polar optical
18 -3phonon scattering at concentrations below 9 x 10 cm carriers,
although there are substantial components due to the remaining
mechanisms. Straightforward application of the Golden Rule leads
to an estimate for the lifetime of an electron at k=0 due to polar optical
phonon absorption given by
Here EBo is the energy of the LO phonon that is capable of satisfying
the energy conservation requirement when interacting with the k=0
electron (keeping in mind the dispersion of that branch in the presence
of carriers), and
17 (-37)
For PbSe with 10 cm carriers at 770K, a reasonable estimate for
Ek might be 15 meV; with this value, (C-36) yields t/r: = 0. 35 meV,
which appears to be in rough agreement with the conclusion of Ravich.
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The effects of electron-electron interactions are not included in the
number derived from measured mobilities, since these interactions
conserve the momentum of the charge carriers; however, they are
expected to be small. It should be noted that since electrons and holes
are affected equally, the rate at which the phase of the optical inter-
action is disturbed is twice the relaxation rate of either carriers.
In material that contains greater carrier densities, other
scattering mechanisms may occur. As indicated in Fig. 74b, inter-
actions with the emission of optical phonons and plasmons are possible
in the final state of an electron-hole recombination. For this case,
the optical phonon limited lifetime is given by an expression analogous
to (C-36) which contains a factor of (1 + nph) rather than n (where
nph is the phonon mode occupation number). With 10 cm carriers
in PbSe at 77 K, this limit is obtained; using an estimated value of
Ej of 11 meV, application of (C-36) gives near 1. 1 meV. The vdue
of Et / ( Eto + E Q) is near 0. 25, indicating that the electron-phonon
strength is substantially reduced by the carriers.
In the calculation of Re E , the states of interest are distribu-
cv
ted over a wide range of energies. Relaxation processes involving the
final states of the created electron-hole pair are illustrated in Fig.
74c. In addition to the processes mentioned above, electron-electron
interactions are expected to have a substantial effect in this case.
According to Wolff, the relaxation rate of the created hole due to the
formation of single particle excitations in the sea of electrons (at
T=00K) is given by
T. 3 Qe 9 I/ Q (C-38)
where p is the hole momentum, kf is the fermi momentum of the elec-
trons, and
%(C-39)
When (C-38) is evaluated for PbSe at 770 K with parameters corres-
18 -3
ponding to 10 cm carriers, the result is t/lt = 0. 6 meV for
p = k . If the energy of the hole is large enough to allow plasmon
emission, then the relaxation rate will be substantially greater,
Also, optical phonon emission rates are likely to be faster than in-
dicated by (C-36) due to a higher density of final states than con-
sidered in the earlier case. An experimental indication of the
relaxation rate for states high in a band (except for the electron-
electron processes) is given by the observed results of broadening
of the plasma reflectivity lineshape given by 1Mijcielski, et, al.,
who report ti/% = 4. 2 meV for PbSe at 300K. 72
It should be remarked that the proper value of the broadening
parameter dU of a homogeneous lineshape, as defined, for example,
in (V-6), is AW = 1/I . The resulting full width (between half-
amplitude points) of the Lorentzian line is 2/t%
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FIGURE 73: COMPARISON OF FREQUENCY DEPENDENCE OF
HOMOGENEOUSLY BROADENED ABSORPTION EDGE AND EDGE
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TABLE IX
PARAMETERS USED IN ESTIMATION OF
MANY- BODY EFFECTS IN PbSe
Fundamental Parameters
m* = .05m
E0= 26
= 19 meV
= 5. 8 meV
= 0. 21S= 280S
Derived Parametersa for n = 1018 -3 and T =cm and T = 0°K
E =30 meV
= 0.446
=0. 296 Q
ni kfe
= 2.55 meV EQ
btained using C ) = . 033
s
= 0. 875
rmi
= 22.3 meV
r (obtained using l.) = . 3
a Parabolic bands were assumed for these calculations.
Qs
kfer
E Qs
r (o
S
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APPENDIX D
ADDITIONAL WAVEGUIDE MODELS
In this appendix, solutions are presented for the propagating modes
of dielectric waveguides with several additional model profiles. The
results obtained here have the primary purpose of examining the regime
of applicability of, and obtaining corrections to, the waveguide model
discussed in Chapter IV. The dielectric profiles to be discussed are
shown in Fig. 75. Model A is useful for determining corrections to the
mode width of the symmetric profile model discussed earlier, particu-
larly with respect to effects of injected minority carriers. Model B
is useful for determining the amount of "mode-spillover" that occurs,
that is, the extent to which the optical field penetrates the homogeneous
n type bulk; this is of particular concern in the discussion of very
shallow junctions.
(i) Model A
According to this model, the dielectric constant is assumed to
have the form
E(X) = Ep - 0gllI for I I LA (region i)
(D-1)
C 1- 00 Az & o. Ily4LA (region ii)
Only the fundamental mode, which is even about the origin, will be
discussed. The solution to the wave equation in region i may be
readily shown to be
j(a) A= sAO (D-2)
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where
/AO el LA 3c - (D-3)
iYz
and e propagation has been assumed. In region ii the wave
equation is identical to that discussed in Chapter IV. 3, and solutions
may again be expressed as
Ko (D-4)
where
V3h3
(D-5)
The boundary conditions
'I'/LA~)
along the surface x = LA are given by
I CLA)
while equivalent expressions hold at x = -LA. Since the solution is
even about x = 0, only x = LA need be considered. Algebraic manipula-
tion allows (D-6) to be expressed as
Af-,(I (D-7)A! (-U-) X0
Xo
where
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(D-8)
Equations (D-7) and (D-8) have been solved numerically in
order to obtain the variation of the eigenvalue ) m with the para-
meter LA/Xo; solutions are shown in Fig. 76a. For a given value of
m, the solution i(x) may be conveniently written
The mode shape obtained for several values of LA / x o is shown in
-1
Fig. 77. The variation of mode width w (full width between e
amplitude points) with LA/Xo is given in Fig. 78 in terms of xo.
(ii) Model B
The dielectric constant variation is assumed to follow
E(Kr) = ý- o r• •L x -C 0 (region i) (D-10)
S) : rp - o or x 1O0 (region ii)
The wave equation solutions in regions i and ii are given in this case
by the forms
((D-11)
Here
250
To match boundary conditions at x = 0, the following equation must
be satisfied:
0 )(D-13)
The variation of m with LB/ x obtained from (D-13) is shown in
Fig. 76b. It may be noted that for LB/Xo 4 1. 03 no confined modes
are possible. Several examples of the modes obtained are shown in
Fig. 79. For a given value of 2 m, the solution .i(x) is conveniently
given by
(D-14)
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PROFILE MODEL B
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